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a b s t r a c t
Various kinds of isovector nucleon effective masses are used in the literature to characterize
the momentum/energy dependence of the nucleon symmetry potential or self-energy due
to the space/time non-locality of the underlying isovector strong interaction in neutronrich nucleonic matter. The multifaceted studies on nucleon isovector effective masses
are multi-disciplinary in nature. Besides structures, masses and low-lying excited states
of nuclei as well as nuclear reactions, studies of the isospin dependence of short-range
correlations in nuclei from scatterings of high-energy electrons and protons on heavy
nuclei also help understand nucleon effective masses especially the so-called E-mass in
neutron-rich matter. A thorough understanding of all kinds of nucleon effective masses
has multiple impacts on many interesting issues in both nuclear physics and astrophysics.
Indeed, essentially all microscopic many-body theories and phenomenological models
with various nuclear forces available in the literature have been used to calculate singlenucleon potentials and the associated nucleon effective masses in neutron-rich matter. There are also fundamental principles connecting different aspects and impacts of
isovector strong interactions. In particular, the Hugenholtz–Van Hove theorem connects
analytically nuclear symmetry energy with both isoscalar and isovector nucleon effective
masses as well as their own momentum dependences. It also reveals how the isospinquartic term in the equation of state of neutron-rich matter depends on the high-order
momentum-derivatives of both isoscalar and isovector nucleon potentials. The Migdal–
Luttinger theorem facilitates the extraction of nucleon E-mass and its isospin dependence
from experimentally constrained single-nucleon momentum distributions. The momentum/energy dependence of the symmetry potential and the corresponding neutron–proton
effective mass splitting also affect transport properties and the liquid–gas phase transition
in neutron-rich matter. Moreover, they influence the dynamics and isospin-sensitive
observables of heavy-ion collisions through both the Vlasov term and the collision integrals
of the Boltzmann–Uehling–Uhlenbeck transport equation. We review here some of the
significant progresses made in recent years by the nuclear physics community in resolving
some of the hotly debated and longstanding issues regarding nucleon effective masses
especially in dense neutron-rich matter. We also point out some of the remaining key issues
requiring further investigations in the era of high precision experiments using advanced
rare isotope beams.
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Notations Used for Nucleon Effective Masses
To avoid causing confusions while use as much as possible the original conventions of various authors to describe the
different kinds of nucleon effective masses, we use the capital M ∗ with various subscripts or superscripts to denote the
isospin and density-dependent effective masses. The M0∗ = Ms∗ are reserved for the effective mass at arbitrary densities in
SNM. While their values at the saturation density ρ0 are denoted with a lower-case m∗ with different subscripts. For example,
m∗0 = m∗s and m∗v are respectively the nucleon isoscalar and isovector effective masses at ρ0 . M and sometimes m are used
interchangeably (M = m) as the average nucleon mass in free-space. Since we do not change the labels of figures adopted
from others, there are still some inconsistencies that we shall try to reduce in the figure captions. The p, k and q are used
interchangeably as the momentum or wave number.
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1. Introduction
The concept of nucleon effective mass M ∗ was originally developed by Brueckner [1] to describe equivalently the
motion of nucleons in a momentum-dependent potential with the motion of a quasi-nucleon of mass M ∗ in a momentumindependent potential. It has been generalized later and widely used to characterize the momentum and/or energy
dependence of the single-nucleon potential or the real part of the nucleon self-energy in nuclear medium [2–4]. Basically, the
nucleon effective mass reflects leading effects of the space–time non-locality of the underlying nuclear interactions and the
Pauli exchange principle. It is a fundamental quantity characterizing the nucleon’s propagation in nuclear medium [2,4–6].
In particular, the so-called k-mass and E-mass describe, respectively, the momentum and energy dependence of the singlenucleon potential while the total effective mass is the product of the two. Moreover, the E-mass is also directly related to
the discontinuity of the single-nucleon momentum distribution at the Fermi surface of nuclear matter [2,7–16]. Because
of its fundamental nature, importance and broad impacts in many areas of nuclear physics and astrophysics, the study on
nucleon effective masses has a long and rich history. Accompanying essentially every effort of understanding properties of
complex nuclei, their collective motions and excitations as well as reactions using various theories and interactions, one
often encounters the concept and issues of nucleon effective masses. Interested readers can find several historical reviews
on nucleon effective masses in the literature, see, e.g., [2–4].
Thanks to the advancement in astrophysical observations, especially properties of neutron stars, and new experiments
at various rare isotope beam facilities, more efforts were devoted in recent years to understanding nucleon effective masses
in neutron-rich matter. One particularly interesting quantity is the total neutron–proton effective mass splitting m∗n-p and
its dependence on the density and isospin asymmetry of the medium. As we shall discuss in detail, the most critical but
still poorly known physics for understanding nucleon effective masses in neutron-rich matter is the momentum/energy
dependence of nucleon isovector (symmetry) potential. The latter determines the m∗n-p which has many ramifications in
both nuclear physics and astrophysics. In fact, whether the effective mass for neutrons is higher, equal to or lower than
that for protons in neutron-rich matter has been a longstanding question with conflicting answers. Interestingly, several
studies in recent years have found circumstantial evidences that the m∗n-p is positive in neutron-rich matter and proportional
to the isospin asymmetry of the medium at nuclear matter saturation density ρ0 . However, there are still many issues
especially at supra-saturation densities for high-momentum nucleons. Further investigations into nucleon effective masses
at various densities and momenta in neutron-rich matter will have important ramifications in addressing many unresolved
issues [17–21]. For example, the equilibrium neutron/proton ratio in primordial nucleosynthesis depends on the m∗n-p [22].
It is also important for understanding neutrino opacities [23] and several properties of neutron stars [24–26], thermal
and transport properties as well as the liquid–gas phase transition in neutron-rich matter [27–29], properties of mirror
nuclei [30], locations of the neutron and proton drip-lines [31], energy level densities of reaction partners [18], reaction
dynamics and several isospin-sensitive observables in heavy-ion collisions [32–38].
Indeed, some impressive progresses have been made over the last decade while many challenging issues remain to
be resolved to fully understand nucleon effectives masses in neutron-rich matter. Brief reviews by some of us on the
major issues of this topic can be found in Refs. [19–21]. The multifaceted studies on nucleon effective masses are multidisciplinary, with many interesting results obtained by many people and they have multiple impacts in both nuclear physics
and astrophysics. Given our limited knowledge in this field, while trying to be inclusive we shall focus on the selected topics
listed in the Table of Contents of this review. We notice that earlier predictions on nucleon effective masses by various
many-body theories were reviewed extensively by some of us about 10 years ago [19] and are thus mostly skipped here
unless necessary for comparisons.
2. Definitions of different kinds of nucleon effective masses
In this section, after first recalling the basic definitions of several different kinds of nucleon effective masses used in the
literature, we define the neutron–proton effective mass splitting and discuss the main physics behind it.
2.1. Nucleon effective masses in non-relativistic models
We focus on non-relativistic nucleon effective masses or the ones derived from the Schrödinger equivalent single-particle
∗,k
∗,E
potential in relativistic models. The k-mass MJ and E-mass MJ of a nucleon J = n/p can be obtained from the momentum
and energy dependence of the single-nucleon potential UJ (ρ, δ, k, E) in nucleonic matter of density ρ and isospin asymmetry
δ ≡ (ρn − ρp )/ρ via [2–4]
∗,k

[
]−1
∗,E
MJ
M ∂ UJ
∂ UJ
= 1+
and
=1−
M
k ∂k
M
∂E

MJ

(1)

where M (and sometimes m in some literature) is the average mass of nucleons in free-space and k = |k| is the magnitude
of nucleon momentum. They have been shown to reflect respectively the space and time non-locality of the underlying
nuclear interactions [4]. Once an on-shell energy–momentum dispersion relation E(k) or k(E) is obtained from solving the
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equation EJ = k2 /2M + UJ (ρ, δ, k, E), an equivalent single-particle potential depending on either momentum or energy can
be obtained. The total effective mass MJ∗
MJ∗

=1−

M

⏐
⏐
⏐
⏐

⎡

dUJ (ρ, δ, k(E), E) ⏐
dE

= ⎣1 +
J

E(kF )

⏐ ⎤−1
⏐
⏐ ⎦
⏐J

M dUJ (ρ, δ, k, E(k)) ⏐
J

dk

kF

(2)

kF

then characterizes equivalently either the momentum or energy dependence of the single-nucleon potential. Consequently,
the total effective mass MJ∗ is the only one extractable from either the first or the second part of the above equation.
Nevertheless, as we shall discuss later, the so-called Migdal jump at the Fermi surface allows an independent extraction
J
J
from experimentally constrained quasi-nucleon momentum distribution. In the above equation, one has kF = (1 + τ3 δ )1/3 kF
J
2
1/3
with kF = (3π ρ/2) being the nucleon Fermi momentum in symmetric nuclear matter (SNM) at density ρ , τ3 = +1 (−1)
for neutrons (protons). Noticing that [2]
dE
dk

k

≡

MJ∗

=

k
M

+

∂U
∂ U dE
+
·
,
∂k
∂ E dk
M∗

M

∗,E

M

(3)

∗,k

the well-known relation MJ = MJ · MJ can then be readily proven.
For instance, the low-energy dispersion relation in the nucleon optical models [39–41] reads E = k2 /2M + U(E) where
U(E) = S0 + S1 E is the single nucleon potential with S0 and S1 being two constants determined by experiments. If we rewrite
U(E) without changing its value by adding two terms, i.e., −γ E + γ E with a constant γ (̸ = −1), then the energy can be
rewritten as E = k2 /2M + S0 − γ E + (S1 + γ )E. After substituting E = (k2 /2M + S0 )/(1 − S1 ) from the original dispersion
relation into the (S1 + γ )E term, an equivalent potential Û(k, E) with clearly separated momentum and energy dependences
can then be defined through
k2

E=

2M

+ Û(k, E), with Û(k, E) = S0 − γ E +

S1 + γ
1 − S1

(

k2
2M

)
+ S0 .

(4)

Then a γ -dependent E-mass and k-mass is readily obtained as, respectively,
M ∗,E /M = 1 + γ , M ∗,k /M =

1 − S1
1+γ

,

(5)

while the total effective mass remains as M ∗ /M = (M ∗,E /M) · (M ∗,k /M) = 1 − S1 . It illustrates that although the M ∗,E /M
and M ∗,k /M can take almost any value (by varying the parameter γ ), the total effective mass M ∗ /M is fixed by the on-shell
dispersion relation itself independent of the parameter γ introduced.
We notice that most experiments and phenomenological models probe only the total effective mass [2–4,20,39–42]. It is
also worth noting that in simulating heavy-ion collisions using transport models, people often directly use phenomenological
potentials as an input. In the recent literature especially those exploring the density dependence of nuclear symmetry energy,
various forms are used to model the density and momentum dependences of the isoscalar and isovector potentials. The above
expressions facilitate the exploration of the nucleon effective masses underlying the phenomenological potentials employed
in transport models.
The nucleon effective masses have been studied very extensively within various energy density functionals especially
with many Skyrme interactions, see, e.g., Refs. [42–51]. In the standard Skyrme–Hartree–Fock (SHF) approaches, the
total nucleon effective masses are often written in terms of the non-relativistic nucleon isoscalar and isovector masses,
respectively, given by
Ms∗
M
Mv∗
M

(
= 1+

M
8h̄2

(
= 1+

M
4h̄2

ρ Θs

)−1

ρ Θv

)−1

≡ (1 + κs )−1 ,

(6)

≡ (1 + κv )−1 ,

(7)

where Θs = [3t1 + (5 + 4x2 )t2 ] and Θv = t1 (x1 + 2) + t2 (x2 + 2) in terms of the standard Skyrme parameters [43]. By
definition, the κs and κv measure respectively the reduction of Ms∗ and Mv∗ with respect to the nucleon free mass M. In the
literature, the κv is also known as the enhancement factor of the Thomas–Reiche–Kuhn sum rule (e.g., due to the exchange
and momentum dependent force), see, e.g., Refs. [48,49,51–54]. In asymmetric nuclear matter (ANM), the effective mass of
nucleon J can be expressed in terms of Ms∗ and Mv∗ as
1
MJ∗

≡

1
Ms∗

J
3

+τ δ

(

1
Ms∗

−

1
Mv∗

)

.

(8)

Using the standard Skyrme parameters, it can be rewritten as
MJ∗
M

[
]−1
M
M
= 1 + 2 ρ Θs − 2 τ3J (2Θv − Θs )δρ
.
8h̄

8h̄

(9)
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In the Landau Fermi-liquid theory, the isoscalar and isovector nucleon effective masses are related to two Landau parameters
F1 and F1′ via
Ms∗
M
Mv∗

F1

=1+

3
F1′

,

(10)

=1+ .
(11)
M
3
′
The stability of nuclear matter requires F1 > −3 and F1 > −3, which is equivalent to requiring both isoscalar and isovector
nucleon effective masses stay positive at all densities [55].
2.2. Non-relativistic nucleon effective masses from relativistic models
As discussed extensively in the literature, see, e.g., Refs. [4,56–63], while several different kinds of nucleon effective
masses with very different physical meanings have been widely used for various purposes in relativistic models, it is the
so-called Lorentz mass [4]
∗
MLorentz
,J ≡ M(1 − dUSEP,J /dEJ ),

(12)
∗

that should be compared with the non-relativistic effective mass MJ of nucleon J with a free mass of MJ . The Schrödingerequivalent potential USEP,J is determined by the nucleon scalar self-energy ΣJS and the time-like component of the vector
self-energy ΣJ0 via [4]
1 [(

USEP,J = ΣJS +
where Ekin

)2

ΣJ0
( )2 ] ΣJ0
1 [( S )2 ( 0 )2 ]
EJ = ΣJS + ΣJ0 +
ΣJ − ΣJ
Ekin
− ΣJ0
+
+

2M
M
2M
M
∗
= EJ − M with EJ being its total single-particle energy. A non-relativistic mass MNR
,J defined as

∗
MNR
,J

M

ΣJS

[

M dUSEP,J

= 1+

k

(13)

]−1
(14)

dk

∗
was introduced in Ref. [57]. It reduces to the Lorentz mass MLorentz
,J when relativistic corrections to the kinetic energy in the
single-particle energy can be neglected [19,62]. A similarly defined non-relativistic effective mass using the Schrödingerequivalent potential is also called the Lorentz-vector effective mass [59].
To avoid possible confusions, we also quote here the definitions of several other effective masses often used in relativistic
∗
models. The Dirac mass MDirac
(also called the Lorentz-scalar effective mass) is defined as
∗
S
MDirac
, J = M + ΣJ .

(15)

∗

The Landau mass MLandau is defined as
∗
MLandau
,J = p

dp

(16)

dEJ

in terms of the single-particle density of state dEJ /dp [5]. In non-relativistic models, it has been identified as the total effective
mass MJ∗ [48]. In relativistic models, it is given by [64]

(
∗

(

MLandau,J = EJ −

ΣJ0

)

1−

dΣJ0
dEJ

)

(
) dΣJS
− M + ΣJS
.
dEJ

(17)

More discussions on effective masses in relativistic models can be found in Refs. [4,62].
2.3. Neutron–proton effective mass splitting in neutron-rich nucleonic matter
With momentum and/or energy dependent single-particle potentials UJ (ρ, δ, k, E) from microscopic or phenomenological models, one can then investigate nucleon effective masses. As we mentioned earlier, in neutron-rich matter an interesting
quantity is the neutron–proton effective mass splitting. For various physics questions, one needs to study its dependences on
the nucleon momentum as well as the density and isospin asymmetry of the medium. Conventionally, the nucleon effective
masses are normally taken at their respective Fermi momenta and their splitting
m∗n-p (ρ, δ ) ≡ (Mn∗ − Mp∗ )/M

(18)

can then be expressed in terms of the single-nucleon potentials as

(
M
m∗n-p = [
1+

⏐
⏐ )
⏐
n⏐
⏐ p − k1n dU
dk ⏐ n
F
kF
kF
⏐ ][
⏐ ].
dUp ⏐
M dUn ⏐
1
+
⏐
⏐n
n
dk
k dk
p

1 dUp
p
kF dk

M
p
kF

kF

F

kF

(19)
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To reveal the interesting physics underlying the m∗n-p , it is instructive to expand the single-nucleon potential UJ (k, ρ, δ ) in
isospin-asymmetric matter in the well-known Lane form [65]
J

J

UJ (k, ρ, δ ) ≈ U0 (k, ρ ) + τ3 Usym,1 (k, ρ )δ + Usym,2 (k, ρ )δ 2 + τ3 Usym,3 (k, ρ )δ 3 + O(δ 4 ),

(20)

where U0 (k, ρ ), Usym,1 (k, ρ ) and Usym,2 (k, ρ ) are the isoscalar, isovector (first-order symmetry) and isoscalar (second-order
symmetry) potentials, respectively. The first two terms are normally used in optical model analyses and the Usym,1 (k, ρ ) ≡
Usym (k, ρ ) is often referred as the Lane potential. As we shall discuss in detail, the Usym,1 (k, ρ ) is normally positive but
may become negative at high momentum/energies. The opposite contribution of the Usym,1 (k, ρ ) to the neutron and proton
potential is responsible essentially for all isospin effects and its momentum dependence determines the isospin-dependence
of nucleon effective masses. The isovector (third-order symmetry) potential Usym,3 (k, ρ ) is normally neglected. However,
it has been found to contribute significantly to the isospin-quartic symmetry energy in some models [66]. Since the δ dependent terms are always much smaller than the isoscalar potential U0 (ρ, k), the denominator in Eq. (19) can be well
approximated by

(
1+

)(

M dUp

1+

kF dk

M dUn

)

kF dk

(
)2 (
)2
M
M dU0
≈ 1+
≡
∗
kF dk

(21)

M0

where M0∗ ≡ Ms∗ is the nucleon isoscalar effective mass corresponding to the momentum dependence of U0 [67]. Up to the
first-order in isospin-asymmetry δ , the m∗n-p can thus be simplified approximately to
m∗n-p ≈ 2δ

[
] ( ∗ )2
M0
dUsym,1
kF d2 U0
1 dU0
−
−
+
≡ s(ρ )δ,
2

M
kF

dk

3 dk

3 dk

kF

(22)

M

which also defines the linear splitting function s(ρ ). We emphasize that the above expression is valid at arbitrary densities.
It indicates that the m∗n-p depends apparently on the momentum dependence of both the isovector and isoscalar potentials.
Interestingly, however, calculations using nucleon optical potentials at ρ0 from nucleon–nucleus scattering experiments
have shown that the last two terms, i.e., −kF /3 · d2 U0 /dk2 and 1/3 · dU0 /dk, almost completely cancel each other, leaving
the momentum dependence of the isovector potential dUsym,1 /dk as the dominating factor [41]. Eq. (22) gives the linear
isospin-splitting of the effective mass. In fact, one can even obtain the higher order isospin-splitting functions and the next
term is the cubic one defined via m∗n-p ≈ s(ρ )δ + t(ρ )δ 3 with t(ρ ) given by [68]
t(ρ ) =

2M

(

)2 {

M0∗

kF

2M0∗

M

kF

k2F ∂ 3 U0

+

∂ Usym
kF ∂ 2 U0
1 ∂ U0
·
+
−
∂k
3 ∂ k2
3 ∂k

[

∂ Usym,2
kF ∂ 2 U0
1 ∂ Usym
2 ∂ U0
−
−
+
3
2
9 ∂k
3 ∂k
∂k
9 ∂ k2
3 ∂k
9 ∂k
[
]3
M ∗2
5k3 ∂ 4 U0
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Obviously, it is determined by the first, second and third order momentum derivatives of both the isoscalar and isovector
parts of the nucleon potential in a complicated way. Generally, the higher order isospin-splitting functions are expected to
play small roles in finite nuclei, however, their effects could be as important as the linear isospin-splitting function, e.g., in
neutron stars, since the isospin asymmetry there is close to 1.
Sjöberg studied the Landau effective masses (i.e., the total effective mass in non-relativistic models) in the liquid phase
of neutron stars [5]. The neutron–proton effective Landau mass splitting can be written as
m∗n-p =

Mn∗ knF
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np

where f1nn , f1 and f1 are the neutron–neutron, proton–proton and neutron–proton quasiparticle interactions projected on
the ℓ = 1 Legendre polynomial, as for the effective mass in a one-component Fermi liquid. Sjöberg has shown that all f1 ’s
are negative in SNM at normal density and also in asymmetric matter at tree-level, and predicted that the proton effective
mass is smaller than that of neutrons (m∗n > m∗p ) in neutron-rich matter [5].
Within the non-relativistic energy density functional approaches, the m∗n-p can be expressed in terms of the κs and κv as
in Ref. [47]. First, we notice that
Mn∗ − Mp∗
Mn∗ Mp∗

= 2δ

Ms∗ − Mv∗
Ms∗ Mv∗

(25)
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such that m∗n-p > 0 for Ms∗ > Mv∗ or equivalently
m∗n-p = 2δ

( ∗ )2 [
]
κv − κs
Ms
M
M
≈
2
δ
−
(1 + κs )2 − δ 2 (κv − κs )2
M
Mv∗
Ms∗

(26)

with the approximation that (Mn∗ /M)(Mp∗ /M) ≈ (Ms∗ /M)2 valid when δ is small. For pure neutron matter (PNM), it reduces
to the expression given in Ref. [47] by setting δ = 1.
3. Empirical values of nucleon isoscalar and isovector effective masses as well as the neutron–proton effective mass
splitting in neutron-rich matter at saturation density
To extract information about nucleon effective masses from experiments has been a longstanding goal of nuclear physics.
Some detailed discussions about the current values of the nucleon isoscalar and isovector effective masses from fitting
saturation properties of nuclear matter, masses and level densities of ground state as well as low-energy collective models
of nuclei can be found in Refs. [51,53]. Unfortunately, often the extracted values are model dependent and they are valid
only at the saturation density. Here we make a few observations and comments especially about the implications of existing
results on the neutron–proton effective mass splitting in neutron-rich matter. So far, the nucleon isoscalar effective mass
Ms∗ /M seems to be better determined than the isovector one Mv∗ /M, while both are still suffering from some model and
interaction dependences. They also depend somewhat on the data used in the analysis. This is partially because they depend
on different combinations of several parameters in the underlying interactions, and rarely there are known experimental
observables that are uniquely sensitive to each of the model parameters.
3.1. Mean field model analyses of structure properties and low-energy excitations of nuclei
There seems to be a consensus that analyses of isoscalar giant quadrupole resonances (ISGQR) call for m∗s /m ≈ 0.8 ± 0.1
[2,42,43,45,48,53,69], while the uncertainties involved still need to be better quantified. For example, Klüpfel et al. deduced
an ‘‘optimum’’ m∗s /m ≈ 0.9 from a global fit to several observables using SHF energy functionals [49]. However, it was
emphasized that the final ‘‘optimum’’ for m∗s /m depends very much on the choice of the relative weight of the different
observables. It is interesting to note that various many-body calculations support the value of m∗s /m = 0.8 ± 0.1 for infinite
nuclear matter at ρ0 , see, e.g., Refs. [70–72], irrespective of their level of sophistications. For completeness, it is necessary
to mention here an interesting study [52] on a perceived contradiction historically between the m∗s /m extracted for infinite
nuclear matter and the finding from mean-field calculations on all but light nuclei that one must uses m∗s /m ≈ 1 to reproduce
the observed density of single-particle states near the Fermi surface [73–76]. Moreover, to precisely reproduce essentially
all the mass data within SHF using a conventional Skyrme force it was also necessary to use m∗s /m ≈ 1, since without a
correct spacing of the single-particle states near the Fermi surface it was found impossible to fit the masses of open-shell
nuclei [77,78]. The seemingly inconsistent conclusions about the m∗s /m were resolved by either considering explicitly the
coupling between particle modes and surface-vibration modes [79–81] or introducing a radius-dependent effective mass
peaking at the nuclear surface [82,83]. Ma and Wambach used in their seminal work [82] a phenomenological radiusdependent m∗s /m. It has a value of about 0.7 in the interior and peaks at the nuclear surface to 1.2–1.5 depending on the
nucleus before falling to its asymptotic value of 1.0. The surface-peaking of m∗s /m is due to the coupling between singleparticle motion and the surface-vibration. Their result was later confirmed by Farine et al. [44] within self-consistent SHF
calculations by adding new terms to the Skyrme force itself and Zalewski et al. [84] by adding directly new terms to the SHF
energy density functionals. Thus, considering the coupling between the single-particle motion and surface-vibration modes,
the value of m∗s /m ≈ 1 extracted from single-particle level densities of finite nuclei was understood as an appropriate
mean value over the nucleus [44,52,82,84], while for infinite nuclear matter at ρ0 the isoscalar nucleon effective mass is
m∗s /m = 0.8 ± 0.1.
The isovector nucleon effective mass m∗v /m can be determined from the isovector giant dipole resonance (IVGDR). For
example, Klüpfel et al. recently deduced a value of m∗v /m ≈ 0.7 from analyzing the GDR data of 208 Pb [49], consistent with
the earlier finding by Krivine et al. [85]. By analyzing the newest GDR data of 208 Pb [86,87], Zhang and Chen recently extracted
a value of m∗v /m ≈ 0.80 ± 0.03 [42]. More recently, a systematic analysis of the GDR data in heavy rare-earth elements with Z
from 64 to 74 was carried out using the SkM∗ , SV-Kap20, SV-bas and SV-Kap60 Skyrme energy density functionals [54]. They
found a value of κv = 0.53, 0.2, 0.4 and 0.6 leading to m∗v /m=0.653, 0.834, 0.715 and 0.625, respectively, for the four models
used. These results illustrate the model dependence of the extracted values for m∗v /m. One should notice that the results
also have some dependence on the data sets used. For example, it has been found that the values for Mv∗ /M based on the
GDR in heavy nuclei are not quite consistent with the GDR in 16 O [88]. Moreover, we notice that Pearson and Goriely carried
out Skyrme–Hartree–Fock–BCS calculations of nuclear masses for 416 spherical, or near-spherical, nuclei with A ≥ 36. By
holding the isoscalar mass m∗s /m fixed at 1.05 which was necessary for them to fit earlier a larger set of experimental nuclear
masses, they have shown that the selected nuclear mass data constrain the value of the isovector effective mass to be in the
range of m∗v /m = 0.9 ± 0.2 [89]. Moreover, consistent with the constraints mentioned above, several SHF calculations
meeting essentially all known empirical constraints predict a m∗v /m value in the range of 0.603 ∼ 0.930 [51].
As shown in Eq. (25), the sign of the neutron–proton effective mass splitting in neutron-rich matter is determined by the
difference between the isoscalar and isovector masses, i.e., (Mn∗ − Mp∗ ) ∝ (Ms∗ − Mv∗ ). Given the compatible values of the

B.-A. Li et al. / Progress in Particle and Nuclear Physics 99 (2018) 29–119

37

isoscalar and isovector nucleon effective masses within their uncertainties, it is hard to make an absolute conclusion about
the sign of the neutron–proton effective mass splitting at ρ0 based solely on the empirical evidences mentioned above. We
also notice that rarely the two kinds of effective masses are determined simultaneously from analyzing the same sets of data
within the same model [42]. Of course, constraints on the Ms∗ /M and Mv∗ /M and thus the (Mn∗ − Mp∗ ) are expected to be
improved as more precise data of more neutron-rich nuclei are analyzed consistently with more advanced theories. In this
regard, it is very interesting to cite the major conclusions of a rather comprehensive study by Lesinski et al. [47]. By adding a
density-dependent term to the ‘‘Saclay–Lyon’’ SLy series of the Skyrme energy density functional, they constructed three new
sets of Skyrme parameterizations having the same m∗s /m = 0.7 and other features but different neutron–proton effective
mass splittings of m∗n-p = −0.284, 0.001 and 0.170 corresponding to κv = 0.15, 0.43 and 0.60, respectively. By construction,
they all reproduce approximately the same EOSs of both PNM and SNM predicted by the Variational Chain Summation (VCS)
method [90]. They found that effects of the m∗n-p on single-particle energies (i.e., level densities), pairing gaps and binding
energies, are noticeable and consistent, but limited. However, GDR analyses were found more fruitful for probing the m∗n-p ,
and a clear tendency favoring a positive m∗n-p was obtained. As already suggested in Ref. [80], they also pointed out that the
main reason for not seeing a dramatic modification of the studied observables when altering the m∗v /m is the limited amount
of strongly isospin-asymmetric nuclear matter at high enough density in the ground state of nuclei [47]. This feature was
used by the UNEDF (Universal Nuclear Energy Density Functional) collaboration in justifying their setting of the m/m∗v to a
constant value of 1.249 as in the original SLy4 force [91] in their covariant analyses of nuclear binding energies and pairing
gaps [92]. They found that the m/m∗s has an optimal value of 0.95728 within the 95% confidence interval of [0.832, 1.083],
thus leading to a positive neutron–proton effective mass splitting of approximately m∗n-p ≈ 0.637δ according to Eq. (26).
Overall, to summarize our observations about the m∗n-p based on extensive investigations of various properties of nuclear
structures and giant resonances by many people in the community, it is probably appropriate to repeat here the conclusions
reached by Lesinski et al. [47]. Namely, clearly there are some empirical evidences favoring a positive m∗n-p and there is no
reason to omit this constraint in future studies.
3.2. Dynamical model analyses of nuclear reactions and low-energy excitations of nuclei
On the other hand, as we shall discuss in more detail later, nuclear reactions especially those involving neutron-rich nuclei
can provide invaluable information about the neutron–proton effective mass splitting not only at ρ0 but also at higher or
lower densities. The information at abnormal densities will be useful for understanding some properties of neutron stars.
In fact, some observables in nuclear reactions directly probe the momentum dependence of the single-nucleon potential.
Especially, some isospin-sensitive observables are known to be sensitive to the momentum-dependence of the isovector
potential, thus the isovector nucleon effective mass [19]. For example, the momentum/energy dependence of the isovector
potential at ρ0 has been extracted recently from optical model analyses [40,41] of all 2249 data sets of reaction and angular
differential cross sections of neutron and proton scattering on 234 targets at beam energies from 0.05 to 200 MeV available
in the EXFOR database at the Brookhaven National Laboratory [93]. The study found clearly a neutron–proton total effective
mass splitting of m∗n-p (ρ0 , δ ) ≈ (0.41 ± 0.15)δ . It is definitely positive. Moreover, as we shall also discuss in more detail,
the Hugenholtz–Van Hove (HVH) theorem [94] establishes a direct connection between the neutron–proton effective mass
splitting and the density dependence of nuclear symmetry energy [66,95–98]. Analyzes of 28 empirical constraints on the
density dependence of nuclear symmetry energy from both nuclear physics and astrophysics, have led to an estimate of
m∗n-p (ρ0 , δ ) ≈ (0.27 ± 0.25)δ [67]. Thus, the sign of the neutron–proton effective mass splitting in neutron-rich matter at ρ0
is rather solidly determined while its amplitude is still subject to some uncertainties.
Furthermore, experiments using electron–nucleus and/or proton–nucleus scatterings have recently put strong constraints on the strength and isospin dependence of nucleon–nucleon short-range correlations (SRC) as well as the associated
quasi-nucleon momentum distribution in neutron-rich matter [99–104]. This enables an independent constraint on the
nucleon E-mass [105] and its isospin dependence through the Migdal–Luttinger theorem [7,9]. Thus, nuclear reactions
provide some interesting and useful information about nucleon effective masses on top of what we have learned from
studying nuclear structures, masses and giant resonances. In turn, the extracted neutron–proton effective mass splitting
may help constrain some parameters in nuclear forces or energy density functionals.
3.3. A comparison of nucleon effective masses extracted from two approaches: SHF+RPA versus transport model
As illustrations of the various analyses mentioned above, here we compare nucleon effective masses extracted from the
same sets of data using the SHF+RPA and a transport for nuclear reactions. As noticed earlier, the isoscalar and isovector
effective masses are rarely extracted simultaneously from the same data sets within the same model. One exception is the
recent analyses [42] of ISGQR [107], IVGDR [108] and the electric dipole polarizability αD [86] in 208 Pb simultaneously within
the SHF+RPA approach. The Random Phase Approximation (RPA) was used to calculate the resonance properties based on
the SHF model which predicts different nucleon effective masses with various Skyrme forces. As an example of dynamical
approaches, we use the recent work of Ref. [106] where the same sets of data were analyzed simultaneously by using an
improved isospin- and momentum-dependent interaction (ImMDI) [109] within an isospin-dependent Boltzmann–Uehling–
Uhlenbeck (IBUU) transport model for nuclear reactions [32].
As shown in the left panel of Fig. 1, the inverse excitation energy squared 1/Ex2 of ISGQR in 208 Pb varies with the isoscalar
effective mass m∗s approximately linearly, i.e, 1/Ex2 ∝ m∗s , based on the SHF+RPA calculations [42]. In the panel (a) of the right
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Fig. 1. Left: Relation between the excitation energy Ex of ISGQR in 208 Pb and the isoscalar effective mass m∗s /m predicted by 50 Skyrme forces from the
SHF+RPA method, with the hatched band corresponding to the experimental value Ex = 10.9 ± 0.1 MeV. The linear fit as well as the Pearson correlation
coefficient r is also displayed. Taken from Ref. [42]. Right: Time evolution of the ISGQR moment (a) and the relation between Ex of ISGQR in 208 Pb and m∗s
(b) from IBUU transport model simulations using the ImMDI interaction. Taken from Ref. [106].

Fig. 2. Left: Relation between the EWSR m1 of the IVGDR in 208 Pb and the isovector nucleon effective mass m∗v /m predicted by 50 Skyrme interactions,
with the hatched band (cyan band) corresponding to the (corrected) experimental value. The linear fit as well as the Pearson correlation coefficient r is also
displayed. Taken from Ref. [42]. Right: The values of m∗v and density slope L of the symmetry energy that satisfy respectively the experimental constraints on
the centroid energy (red) of IVGDR and the electric dipole polarizability (black) in 208 Pb from IBUU transport model simulations using the ImMDI interaction.
Taken from Ref. [106].

part of Fig. 1, the time evolution of the ISGQR moment from the IBUU simulations shows a characteristic ISGQR behavior.
After a Fourier transformation, the excitation energy Ex of the ISGQR in 208 Pb shows an approximately inverse relation with
m∗s [106]. Although both approaches show a decreasing Ex with increasing m∗s , one goes down as (m∗s )−1/2 following the semiempirical relation from the harmonic oscillator model [110] while the other one varies more like 1/m∗s . Since numerically
the two functions give very similar values in the region of m∗s /m = [0.7, 0.9], one may not attach much physics significance
to the difference of the two fitting functions used here. Comparing the calculations with the experimental data shown in the
left window, the SHF+RPA approach favors an isoscalar nucleon effective mass of m∗s /m = 0.91 ± 0.05, while on the right,
the IBUU dynamical model favors a value of m∗s /m ∼ 0.84. The difference in the extracted values from these two approaches
exemplifies the typical model dependence in determining the m∗s /m at ρ0 .
The energy weighted sum rule (EWSR)
∞

∫

dEE k S(E),

mk =

(27)

0

with S(E) the strength function, is normally used to characterize properties of collective excitations of nuclei. The m−1 is
related to the electric dipole polarizability, and the centroid energy of IVGDR can be expressed as E−1 = (m1 /m−1 )1/2 . The
relation between m1 of the IVGDR in 208 Pb and the isovector nucleon effective mass m∗v /m from the SHF+RPA calculations is
shown in the left panel of Fig. 2. It is seen that 1/m1 shows a linear relation with the m∗v . Comparing the calculations with the
experimental data leads to the extraction of m∗v /m = 0.80 ± 0.03. This value of m∗v /m together with the m∗s /m = 0.91 ± 0.05
obtained from analyzing the ISGQR data shown in the left panel of Fig. 1 lead to a neutron–proton effective mass splitting
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of m∗n-p = (0.27 ± 0.15)δ , which is in nice agreement with that obtained from the optical model analysis of nucleon–
nucleus scatterings [41]. It is worth noting that the isospin-cubic term in the neutron–proton effective mass splitting was
also evaluated in the same analysis and was found very small [42].
On the other hand, shown in the right panel of Fig. 2 are the m∗v as functions of the slope parameter L of nuclear symmetry
energy based on the IBUU transport model simulations to reproduce respectively the experimental centroid energy of
IVGDR and the electric dipole polarizability in 208 Pb. Both functions are approximately linear, with a crossing point at
L = 53.85 MeV and m∗v /m = 0.744 satisfying both experimental constraints. The isovector nucleon effective mass extracted
this way together with the m∗s /m ∼ 0.84 from analyzing the ISGQR also using the IBUU leads to a neutron–proton effective
mass splitting of m∗n-p = (0.216 ± 0.114)δ after considering statistical and fitting errors, consistent with that obtained from
the SHF+RPA studies discussed above.
In summary of this section, many analyses indicate that the nucleon isoscalar and isovector effective masses in nuclear
matter at ρ0 are m∗s /m ≈ 0.8 ± 0.1 and m∗v /m = 0.6 ∼ 0.93, respectively. Their uncertainties, especially those of the
m∗v /m are still poorly determined. There are empirical evidence especially from nuclear reactions supporting a positive
neutron–proton effective mass splitting m∗n-p in neutron-rich matter at saturation density while its magnitude still has
large uncertainties. Moreover, as we shall discuss in the following, many-body theory predictions for the positive sign
of m∗n-p in neutron-rich matter are rather solid. Certainly, additional work is needed in both theory and experiment to
better understand the nucleon isovector effective mass m∗v /m and the underlying momentum dependence of the isovector
interaction. More reliable knowledge about them is required for the elucidation of the highly neutron-rich systems especially
at supra-saturation densities of astrophysical interest [44,51] and nuclear reactions with radioactive beams [19–21,111]. As
we shall discuss in detail, the momentum dependence and nucleon effective masses affect heavy-ion reactions through
both the mean-field potential and in-medium nucleon–nucleon scattering cross section or viscosity. Their imprints on the
isospin-dependent reaction dynamics and observables in heavy-ion collisions will be reviewed in Section 9.
4. Theoretical predictions on the momentum dependence of the symmetry potential and neutron–proton effective
mass splitting in neutron-rich matter
As essentially all major issues related to the neutron–proton effective mass splitting and density dependence of nuclear
symmetry energy in neutron-rich matter can be traced back to the poorly known momentum dependence of the singlenucleon symmetry (isovector) potential Usym,1 (k, ρ ) (or other symbols used in the literature), both microscopic nuclear
many-body theories and phenomenological models using various interactions have been applied to calculate the Usym,1 (k, ρ )
as precisely as possible. As we shall discuss in more detail, the only relatively well-known constraint available is the
symmetry potential at ρ0 extracted from optical model analyses of large sets of nucleon–nucleus scattering data. This
constraint (boundary condition at ρ0 ) has been used in recent years to check the validity of model predictions in some
studies. However, predictions using models obviously violating this boundary condition have also been put forward in
various studies. In the following, we make some observations about the major features of the symmetry potential using
a few examples from the literatures. Some of these features may be explored in the near future with reactions induced by
rare isotopes. We notice that the community has been using many different symbols for the single-nucleon, isoscalar U0
and isovector ULane , Usym,1 , Usym , Uiso or UI potentials at isospin-asymmetry δ , α or β . In this review, we may use different
symbols for the same variable only if necessary and try to minimize the possible confusions.
4.1. Symmetry (isovector or lane) potentials predicted by nuclear many-body theories
Let us first look at the isospin-dependence of the single-nucleon potentials. Shown in the left window of Fig. 3 is the
single-proton (upper windows) and single-neutron (lower windows) potentials at 0.5ρ0 , ρ0 and 2ρ0 and several values of the
isospin-asymmetry β , respectively, obtained by Zuo et al. using the extended Brueckner–Hartree–Fock (BHF) Approach [72].
Several major features shared by predictions using essentially all models are worth emphasizing. First of all, the mean field
Up (k) of protons (neutrons) becomes more attractive (repulsive), going from isospin symmetric (β = 0) to pure neutron
(β = 1) matter. The Un and Up verify almost linearly with the isospin asymmetry β as the Lane potential of Eq. (20). It
is well known that the current predictions of the single-particle potential depend quantitatively on both the many-body
theories and interaction used, while they all predict some common features. For example, shown in the right window of
Fig. 3 are comparisons of the single-particle potentials predicted by the BHF and Green’s function (GF) approaches using the
CD-Bonn and Nijm2 interaction at a density of ρ = 0.17 fm−1 for an isospin asymmetry of α = 0.5. While they all predict
that protons feel more attractive potentials than neutrons, the magnitude of these potentials are significantly model and
interaction dependent. It was shown in Ref. [56] that the hole–hole ladder contribution leads to less attractive single-particle
energies in the GF approach as compared to the BHF model. The difference tends to be larger for neutrons than protons and
decreases with increasing momentum in neutron-rich matter.
In isospin asymmetric matter, it is the difference of single-particle potentials for neutrons and protons that is responsible
for various isospin-dependent phenomena. Thus, instead of studying the single-nucleon potentials, interesting features can
be revealed more easily by examining individually the isoscalar potential
U0 ≈ (Un + Up )/2

(28)
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Fig. 3. Left: Single-nucleon potentials as a function of momentum for different values of the isospin-asymmetry parameter δ = β = α at three densities.
Taken from Ref. [58]. Right: Single-particle potential determined from the BHF and the Green’s function (GF) approach using the CD-Bonn and Nijm2
interaction at a density of ρ = 0.17 fm−1 for an isospin-asymmetry δ = β = α = 0.5. Taken from Ref. [56].

Fig. 4. Comparison of the BHF symmetry potential with parameterizations based on Hartree–Fock using several phenomenological interactions at three
densities. Source: Taken from Ref. [58].

and the symmetry (isovector) potential
ULane = Usym,1 = Usym = Uiso = UI ≈ (Un − Up )/2δ.

(29)

Interestingly, it is seen from the left window of Fig. 3 that the sign of the symmetry potential reverses when the Up
and Un cross at certain momenta. The crossing was explained earlier in terms of some phase-space arguments [112]
and has also been found in many other calculations. We emphasize that those phenomenological models predicting an
increasing symmetry potential with increasing energy/momentum, corresponding to a negative neutron–proton effective
mass splitting, do not predict such a crossing. Therefore, searching for signatures of the flipping sign of the symmetry
potential at high nucleon energy/momentum in nuclear reactions will be useful. We note that while there are common
qualitative features, the quantitative values of the symmetry potentials predicted by different models are still quite diverse.
For example, shown in Fig. 4 are the symmetry potentials vs momentum at three densities, ρ = 0.085, 0.17, and 0.34
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Fig. 5. Density and momentum dependence of the nucleon isovector potential predicted by the Gogny–Hartree–Fock (GHF) calculations using the D1, D1S,
D1M and D1N interactions, Dirac–Brueckner–Hartree–Fock (DBHF) and Relativistic Impulse Approximation (RIA) with various two-body and three-body
forces (TBF). Source: Taken from Ref. [96].

fm−3 obtained within the extended BHF approach using the Argonne V18 two-body interaction [113] and a microscopic
three-body force (TBF) [114] (curves with filled symbols) [58] in comparison with parameterizations based on Hartree–Fock
calculation using several phenomenological interactions, e.g., the Gogny force, MDI (Momentum Dependent Interaction) and
Gale–Bertsch–Das Gupta (GBD) interaction [115–119].
As discussed in detail by Zuo et al. [58], while most predictions show a decreasing symmetry potential with increasing
nucleon energy, they quantitatively differ significantly especially at supra-saturation densities, In particular, the phenomenological symmetry potentials drop much faster especially at ρ = 0.34 fm−3 compared to the BHF prediction. The two
sets of the GBD parameterizations, i.e., GBD (0) and GBD (1), differ strongly. It is encouraging to see that at the saturation
density, the momentum dependence of the Gogny and MDI(0) parametrization is closer to the BHF prediction. However,
the original Gogny force predicts deeply negative symmetry potentials at supra-saturation densities. Moreover, the Gogny–
Hartree–Fock (GHF) predictions depend sensitively on the force parameters. For example, shown in Fig. 5 are the momentum
dependences of the symmetry potentials using the GHF, Dirac–Brueckner–Hartree–Fock (DBHF) and Relativistic Impulse
Approximation (RIA) with various two-body and three-body interactions at sub-saturation, saturation and supra-saturation
densities, respectively [96]. While they all basically agree with each other at saturation density, they disagree significantly
especially at high densities. The GHF predictions using the four widely used parameter sets D1, D1S, D1N and D1M are
particularly interesting. Unlike the result with the D1 parameter set, calculations with the D1S, D1N and D1M predict
increasing symmetry potentials with increasing momentum even at saturation density. As we shall discuss in more detail,
this is in contrast with the momentum dependence of the symmetry potential at ρ0 extracted from optical model analysis
of nucleon–nucleus scatterings.
Predictions for the symmetry potential from the BHF using the CD-Bonn potential [120] and the Self-Consistent Green’s
Function (SCGF) method [121] are compared in the left window of Fig. 6 with the empirical symmetry potential from
analyzing experimental data. The latter was extracted from optical model analyses of old neutron–nucleus scatterings, (p,n)
charge exchange reactions as well as proton scatterings on isotope chains of several elements [122]. For nucleon kinetic
energies Ekin below about 100 MeV, the empirical isovector optical potential, traditionally also known as the Lane potential,
decreases approximately linearly with increasing Ekin (in MeV) according to
ULane = a − bEkin

(30)

where a ≈ 22–34 MeV and b ≈ 0.1–0.2 [119,122]. We note here that this isovector optical potential should be carefully
transformed into the symmetry potential of ANM at ρ0 as we shall discuss in detail in Section 5 before being used as a
boundary condition for testing many-body theories. However, the uncertainties of this old empirical constraint at lowenergies are larger than the difference caused by the transformation. It thus still provides a useful reference at least
qualitatively. This empirical symmetry potential was first used in Ref. [119] to constrain the phenomenological symmetry
potentials and the corresponding neutron–proton effective mass splittings used in transport model simulations of heavyion collisions. As we shall discuss in detail in Section 5, recent analyses of more complete and new data of nucleon–nucleus
scatterings have not only extended the energy range but also constrained the symmetry potential more tightly. Interestingly,
the old and new constrains on the symmetry potential are consistent qualitatively.
It is interesting to see that predictions of both the BHF and SCGF are consistent with the empirical symmetry potential.
It is also interesting to see that the predicted nuclear symmetry potentials change from positive to negative values at Ekin
higher than the crossing energy of about 200 MeV, implying that protons (neutrons) feel an attractive (repulsive) symmetry
potential at lower energies but a repulsive (attractive) one at high energies [121]. As shown earlier, most of the calculations
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Fig. 6. Left: The symmetry potential as a function of nucleon kinetic energy at nuclear matter saturation density and an isospin-asymmetry δ = 0.2 (upper
panel) and at δ = 0.4 (lower panel) in comparison with the empirical symmetry potential (shaded area) from optical model analyses of old nucleon–
nucleus scattering experiments. Taken from Ref. [121]. Right: The symmetry potential versus nucleon kinetic energy at saturation density within the DBHF
approach using the Bonn A, B and C potentials. The shaded area represents the empirical symmetry potential at normal density from earlier analyses of
nucleon–nucleus scatterings using optical models. Taken from Ref. [123].

compared in Fig. 5 predict that the symmetry potential vanishes or changes sign at high momentum. Since the symmetry
potential is generally very weak at high momenta, except in the GHF calculations, it is very challenging to find signatures
of its sign inversion. We comment here that the decreasing symmetry potential with increasing energy may make isospin
effects in heavy-ion collisions weaker at high energies. On the other hand, the symmetry potential is also density dependent.
Indeed, as shown in Fig. 5, some models predict an increasing symmetry potential at higher densities reachable with higher
beam energies in heavy-ion collisions. Thus, it is currently unclear and remains an interesting question as to the optimal
beam energy where effects of the symmetry potential maximize.
Several versions of the relativistic approaches using different approximations based on realistic nucleon–nucleon
interactions, e.g., the DBHF approach [129–131], have been used to study various properties of isospin-asymmetric nuclear
matter with fruitful results. In particular, the nuclear symmetry potential and the corresponding nucleon effective masses
in neutron-rich matter have been investigated within the DBHF using several interactions [56,57,59,123]. The results are
qualitatively consistent with each other, with the empirical constraint and some non-relativistic calculations. For example,
shown in the right window of Fig. 6 are symmetry potentials obtained by using the Bonn A, B, and C potentials [132]. The
three interactions differ mainly in the strength of the tensor force involved [123]. The predicted symmetry potentials all
decrease with increasing energy/momentum and approach negative values at high energy/momentum. At low energies,
they are also consistent with the empirical constraint of Eq. (30). Compared with the BHF predictions using the CDBonn interaction shown in the left panel of Fig. 6, the crossing energies where the symmetry potential becomes zero
predicted in the DBHF using the Bonn A, B and C interactions are about 50 MeV higher, indicating an appreciable model
and interaction dependence in the calculations. In Fig. 7, predictions using another version of the DBHF theory with the
Bonn-A interaction are compared with the those from the non-relativistic BHF [58], phenomenological Gogny [125] and
Skyrme [126] Hartree–Fock calculations as well as a relativistic T − ρ approximation [127] based on empirical relativistic
NN scattering amplitudes [133]. The DBHF results are in reasonably good agreement with those from the non-relativistic BHF
[58], the relativistic T − ρ approximation [127] and the Hartree–Fock calculation using the default Gogny interaction [125].
It is well known that SHF predictions for the symmetry potential are extremely diverse depending strongly on the Skyrme
parameterizations used. For example, some of the recent Skyrme–Lyon parameterizations [126], e.g., the SkLya, predicts an
increasing symmetry potential, while the SkM∗ predicts a decreasing one albeit with a much stronger slope than those
predicted by the microscopic approaches. It is also well-known that relativistic mean field models assuming normally
momentum independent self-energy components predict that the symmetry potential Uiso increases linearly (quadratically)
with energy (momentum), see, e.g., Refs. [62,124,134]. These predictions are similar to the Hartree–Fock calculations using
the D1S, D1M and D1N Gogny as well as some Skyrme interactions. Unfortunately, the trend of these predictions is opposite
to that of the empirical experimental constraints discussed earlier.
Curiously, how do the relativistic microscopic many-body theory predictions quantitatively compare with each other?
This is a meaningful question as it has been known that the DBHF predictions depend strongly on approximation schemes
and techniques used to determine the Lorentz and the isovector structure of the nucleon self-energy [57]. To answer this
question, shown in Fig. 8 are comparisons of the symmetry potentials at saturation density as a function of momentum
predicted using (1) a phenomenological model with two different forms of the isospin-dependent finite-range interaction
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Fig. 7. The isovector optical potentials from the various models in asymmetric nuclear matter (β = 0.4) as a function of momentum k at densities of
ρ = 0.5ρ0 (left) and ρ0 (right) where ρ0 is the saturation density of nuclear matter. The isovector optical potential from the DBHF approach using the
Bonn-A interaction is compared with the ones from the non-relativistic BHF approach [58], the phenomenological RMF [124], Gogny–Hartree– Fock [125]
and Skyrme–Hartree– Fock [126] predictions as well as from a relativistic T − ρ approximation [127]. Source: Taken from Ref. [57].

Fig. 8. Left: Comparisons of symmetry potentials at saturation density as a function of momentum k predicted using (1) a phenomenological model with
two different forms of the isospin-dependent finite-range interaction by Behera et al. [28], (2) the extended BHF calculations by Zuo et al. [58], (3) the DBHF
calculations by van Dalen et al. [57] and (4) the DBHF calculations by Sammarruca et al. [123], Modified from a figure in Ref. [28]. Right: Comparing the
chiral effective field theory prediction on the kinetic energy dependence of the symmetry potential by Holt et al. with results from other models and the
empirical constraints. Source: Taken from Ref. [128].

by Behera et al. [28], (2) the extended BHF calculations by Zuo et al. [58], (3) the DBHF calculations by van Dalen et al. [57]
and (4) the DBHF calculations by Sammarruca et al. [123]. It is interesting to see that indeed they all fall into the still quite
large uncertain range of the empirical constraint. However, they do have appreciable numerical differences in the whole
momentum range considered. Obviously, the empirical constraint needs to be refined, and indeed it has been as we shall
see in Section 5. It is currently unclear if the quantitative differences in the predictions have any appreciable effect on any
experimental observables. Most of the predictions for the symmetry potential mentioned above are further compared with
the prediction of the chiral effective field theory in the right window of Fig. 8. It is seen that the chiral effective field theory
prediction (between the two red lines) is also consistent with the empirical experimental consistent of Eq. (30) as well as
the BHF and DBHF results. Moreover, the crossing energy is predicted to lie in the range of 155 ± 45 MeV, comparable with
the BHF and SCGF predictions but somewhat lower than the DBHF predictions using the Bonn forces.
In summary of this subsection, essentially all nuclear many-body theories, relativistic and non-relativistic, microscopic
and phenomenological in nature using basically all available two-body and three-body forces or model Lagrangians have
been used to calculate the single-nucleon potential in neutron-rich nucleonic mater. Despite of the great successes of these
models in describing saturation properties of nuclear matter and various structures of nuclei, mainly because of our poorly
knowledge of isovector properties of nuclear interactions, predictions of these models on the symmetry potential/energy are
still rather diverse especially at high densities/momentum. In particular, most of the calculations predict that the nuclear
symmetry potential decreases with increasing nucleon energy/momentum at saturation density qualitatively in agreement
with the empirical constraint from analyses of nucleon–nucleus scattering, (p,n) and (3 He,t) charge exchange reactions.
However, the quantitative values of the symmetry potential are still model and interaction dependent. For example, the
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crossing energy where the symmetry potential changes its sign is rather model and interaction dependent. Moreover, the
predictions diverge quite widely at abnormal densities, especially at supra-saturation densities. As the momentum/energy
dependence of the symmetry potential is the key quantity affecting most of the isospin-dependent features of both nuclear
structures and reactions, and it is the fundamental origin of the neutron–proton effective mass splitting, its more thorough
understanding and experimental constraints deserves continuous and special efforts of the nuclear physics community.
4.2. Nucleon effective masses in neutron-rich matter predicted by nuclear many-body theories
Given the single-nucleon potentials, various kinds of nucleon effective masses can be calculated straightforwardly using
the definitions given in Section 2. Because of the diverse predictions of nuclear many-body theories and the fact that
the effective masses are determined by the slopes of the single-particle potentials with respect to momentum or energy,
one can imagine that the corresponding predictions for the nucleon effective masses are even more diverse especially for
the neutron–proton effective mass splitting in neutron-rich matter. In this section, we make a few observations about
the major features of the predictions available in the literature by expanding a brief recent review about the nucleon
effective masses in neutron-rich matter [20]. The focus of many recent studies has been on the neutron–proton effective
mass splittings and their dependences on the isospin asymmetry and density of the neutron-rich medium encountered
in heavy-ion collisions [21] and in some astrophysical situations [17,25], such as in neutron stars and neutrino spheres of
supernova explosions. As to the empirical constraints as we discussed in Section 3, we have the isoscalar effective mass
m∗s /m ≈ 0.8 ± 0.1, the isovector effective mass m∗v /m = 0.6 ∼ 0.93 and the neutron–proton effective mass splitting
m∗n-p ≥ 0 in neutron-rich matter at ρ0 , respectively. The latter and its more quantitative empirical constraints existing in
the literature, i.e., m∗n-p (ρ0 , δ ) ≈ (0.41 ± 0.15)δ from Ref. [41] and/or m∗n-p (ρ0 , δ ) ≈ (0.27 ± 0.25)δ from Ref. [67] have not
been widely used in constraining many-body theory predictions yet. On the other hand, it is interesting to note here that
chiral effective field theory of Refs. [128,135] predicted that m∗s /m = 0.82 ± 0.08 and m∗v /m = 0.69 ± 0.02, thus a positive
m∗n-p ≈ (0.309 ± 0.227)δ in very good agreement with the empirical constraints. These results from the chiral effective field
theory have been used recently to calibrate mean-field models using Skyrme interactions [136,137].
It is necessary to note that in standard RMF models, the scalar and vector nucleon self-energies are independent of
momentum or energy. When only a vector isovector ρ -meson is included in RMF models, the Dirac mass has no isospin
splitting, while the inclusion of the scalar–isovector δ -meson leads to a negative neutron–proton Dirac mass splitting [138].
Because of the neglect of non-locality in RMF models, their predictions for various kinds of non-relativistic neutron–proton
effective mass splittings using Schrödinger equivalent potentials are generally negative (see more detailed discussion in
Section 6.5). A comprehensive review of different kinds of effective masses within 23 RMF models using different coupling
schemes can be found in Ref. [62] or Chapter 4 of Ref. [19]. We skip discussing most of the RMF results, except for comparisons
in several places, as the conclusions in Ref. [19] are still valid currently.
As mentioned earlier and emphasized in several papers, see, e.g., Refs. [4,56–60,62], effective masses in relativistic and
non-relativistic models have different meanings and should not be directly compared with each other. For example, we
notice here that while there is still some model dependence, as it was discussed in detail in Ref. [57], the neutron–proton
∗
Dirac mass splitting is generally negative, i.e, MDirac
for neutrons is less than that for protons in neutron-rich matter, while it is
∗
the opposite for the non-relativistic mn-p obtained from the Schrödinger equivalent potential. For example, shown in the left
window of Fig. 9 are the nucleon Lorentz-scalar effective masses (Dirac masses) (lower curves) and Lorentz-vector effective
masses (upper curves) for neutrons (solid) and protons (dashed), respectively, from the DBHF calculations by Ma et al. [59]
using the DBHF approach originally developed by Schiller and Müther [129] and the Bonn B interaction [132]. Please note
that these effective masses should not be confused with the isoscalar and isovector masses defined in Section 2 although
they may be denoted by the same symbols in some papers. The neutron Lorentz-scalar effective mass was found smaller
than that of protons due to the stronger scalar potential of neutrons in neutron-rich matter. However, the difference is very
small. On the other hand, as it has been emphasized earlier, it is the Lorentz-vector effective masses that should be compared
with the non-relativistic total nucleon effective masses. Indeed, it is interesting to see that the neutron Lorentz-vector mass
is higher than that of protons due to the stronger energy dependence of the neutron vector potential in neutron-rich nuclear
matter. This result is consistent with predictions of the Landau–Fermi liquid theory [5] and the BHF approach [112] as well
as the empirical constraints discussed earlier.
Shown in the right window of Fig. 9 are comparisons of total nucleon effective masses as a function of isospin asymmetry
β at saturation density predicted by (1) the DBHF theory by Sammarruca et al. [123], (2) the BHF+3-body force, (3) the
extended BHF+3-body force including the renormalization contributions [58] as well as the phenomenological energy
density functional approach using two forms of isospin-dependent interactions [28]. Some of these results correspond to
the momentum dependence of the symmetry potentials shown in Fig. 8. First of all, the two DBHF calculations shown on the
left and right windows are consistent. It is also seen that the BHF and DBHF predict significantly different effective masses
because their predictions for the slopes of the symmetry potential at Fermi momenta are quite different although their
magnitudes are all consistent with the empirical constraints as already shown in Fig. 8. The results from the regular BHF
and the extended BHF are also quite different basically at all isospin asymmetries. However, it is unclear to us what specific
physics ingredients are responsible for the different results from some of the models. The model and interaction dependences
of the predictions for nucleon effective masses are expected to grow at higher densities. It has been discussed earlier that
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Fig. 9. Left: Nucleon Lorentz-scalar (Dirac) effective mass Ms∗ and Lorentz-vector effective masses Mv∗ at a nucleon energy of E = 50 MeV in neutronrich matter of isospin-asymmetry β with kF = 1.36 fm−1 . Taken from Ref. [59]. Right: Comparisons of nucleon effective masses as a function of isospin
asymmetry β at saturation density predicted by (1) the DBHF theory [123], (2) the BHF+3-body force, (3) the extended BHF+3-body force [58] as well as
the energy density functional using two forms (int-1&2) of isospin-dependent interactions [28]. Modified from a figure in Ref. [28].

Fig. 10. Effective k-masses (solid lines) and E-masses (dashed lines) of neutrons (red) and protons (blue) derived from the BHF self-energies using the
CD-Bonn interactions for nucleonic matter with an isospin asymmetry of 0.5 at saturation density. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)Source: Taken from Ref. [56].

besides the different assumptions and approximations adopted in different many-body approaches, the poorly known spin–
isospin dependence of the three-body force, short-range behavior of the tensor force and the isospin-dependence of nucleon–
nucleon short-range correlations are among the most important origins of the uncertain high density/momentum behavior
of the symmetry potential, and thus the neutron–proton effective mass splitting in dense neutron-rich matter [139,140].
The individual roles of these ingredients have been investigated within some models, but more comprehensive and in-depth
comparisons will be very useful.
Many predictions have been made about nucleon effective masses using various non-relativistic many-body theories.
As an example, shown in Fig. 10 are the E-mass and k-mass of neutrons and protons as functions of nucleon momentum
in neutron-rich matter of isospin asymmetry α = 0.5 predicted by the BHF using the CD-Bonn interaction [56]. It is seen
that the k-mass of neutrons is higher than that of protons at all momentum considered, while the E-mass peaks near the
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Fig. 11. The total nucleon effective mass (left), k-mass (middle) and E-mass (right) as functions of isospin-asymmetry β within the BHF + TBF model and
the RHF model at two densities of ρ = ρ0 (squares) and ρ = 2ρ0 (dots). Source: Taken from Ref. [63].

Fermi momenta and is higher for protons than neutrons. The E-masses (k-masses) of both neutrons and protons at their
respective Fermi momenta are higher (lower) than their free masses. These general features are shared by most BHF and
DBHF calculations using various interactions and approximations. However, the quantitative results are still model and
interaction dependent as indicated earlier from looking at the momentum/energy dependence of the symmetry potential in
the previous section. As an example, it is useful to look at detailed comparisons between results from the extended BHF+TBF
and the RHF (Relativistic Hartree–Fock of Long et al. [61]) in a recent study by Li et al. [63]. Shown in Fig. 11 are the total
effective masses (left), k-mass (middle) and E-mass (right) at two densities of ρ = ρ0 and ρ = 2ρ0 . In contrast to the BHF
prediction, the RHF predicts that m∗p > m∗n and the splitting is larger at high densities. However, it is interesting to see in the
middle and right windows that the two models predict the same neutron–proton splitting trend for both the k-mass and
E
k
E-mass, namely, m∗,
> mn∗,E and m∗,
> mp∗,k . Since the total effective mass is the product of the k-mass and E-mass, the
p
n
final neutron–proton effective mass splitting is determined by the smaller component. It was found that the RHF calculations
exhibit a strong density dependence for the neutron–proton total effective mass splitting [61,63]. In fact, the splitting at low
densities (< 0.8ρ0 ) is different from the ones shown at ρ = ρ0 or 2ρ0 . Nevertheless, the RHF result at ρ0 is inconsistent with
the empirical constraint on the total neutron–proton effective mass splitting. This was attributed to the missing short-range
correlations in the RHF model [63].
To investigate effects of the three-body force on high-density nucleon effective masses, Baldo et al. have recently carried
out a study using the BHF with different two- and three-body forces (TBFs). Shown in Fig. 12 are their results using
the Argonne V18 potential without TBFs (V18; dash-dotted lines), with microscopic TBFs (V18+TBF; dotted lines), with
phenomenological Urbana TBFs (V18+UIX; solid lines) and for the CD-Bonn potential plus the Urbana TBFs (CDB+UIX; dashed
lines). It is interesting to see that without the TBFs the nucleon effective masses all decrease with increasing density, whereas
the TBFs leads to a rapid enhancement of the nucleon effective masses at densities above 0.3–0.4 fm−3 for both protons
and neutrons and all interactions considered. These results clearly demonstrate that the three-body forces significantly
influences the nucleon effective masses at high densities. Thus, the current theoretical uncertainties regarding nuclear TBFs
contribute significantly to the uncertain nucleon effective masses and their isospin dependences especially at high densities.
It is well known that energy density functionals based on SHF or GHF using various interactions predict rather diverse
behaviors of the nucleon effective masses as functions of the isospin asymmetry and/or density of the system. Again, this
is partially because of our poorly knowledge about isovector interactions and their space–time no-localities as well as the
spin–isospin dependence of the three-body force especially at high densities, see, e.g., reviews in Refs. [19,51]. As mentioned
earlier, much efforts have been devoted to systematic optimization using advanced computational and statistical techniques.
Hopefully, the results will help improve our understanding and constraining of the model parameters involved by using
the latest constraints from both terrestrial laboratories and observations of neutron stars properties. As to the studies on
the nucleon effective masses in neutron-rich matter within these approaches, unfortunately, the empirical constraints we
discussed earlier have not been taken into account in the optimization process in most studies except for some very recent
work (see, e.g., Ref. [142]). We point out here that even the positive sign of the neutron–proton effective mass splitting in
neutron-rich matter at saturation density supported by many experimental evidences and theoretical calculations can help
further limit the model parameters used in the energy density functionals. For example, in a very comprehensive study of 240
Skyrme energy density functionals, only 16 were found to meet all macroscopic constraints available [51]. Shown in the left
of Fig. 13 are the nucleon effective masses as functions of density in β -equilibrium matter using 11 of the Skyrme interactions
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Fig. 12. Density dependence of neutron (top) and proton (bottom) effective mass from BHF calculations at a proton fraction of: x = 0.1, 0.2, 0.3, 0.4, and
0.5 using several different two- and three-body forces. Source: Taken from Ref. [26].

Fig. 13. Left: Density dependence of neutron (left panel) and proton (right panel) effective mass in β -equilibrium matter as calculated using Skyrme
interactions consistent with all macroscopic constraints considered. Taken from Ref. [51]. Right: Proton (p, full line) and neutron (n, dotted line) effective
masses as a function of the density for different values of the isospin asymmetry parameter β from the Barcelona–Catania–Paris–Madrid (BCPM) energy
functional. Taken from Ref. [141].

consistent with all macroscopic constraints considered in Ref. [51]. It is seen that even at saturation density, some of these
forces predict large negative values for the neutron–proton effective mass splitting. Some of these forces should be ruled
out if one accepts even the positive sign of the neutron–proton effective mass splitting at saturation density as indicated
by many analyses of data and theories . In this regard, it is interesting to see in the right window of Fig. 13 results of a very
recent studying within the Barcelona–Catania–Paris–Madrid (BCPM) functional. Meeting essentially all known constraints
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considered by the authors, this functional gives a neutron–proton effective mass splitting of m∗n-p (ρ0 , δ ) ≈ 0.2δ consistent
with the empirical constraint discussed earlier [141].
In another very recent theoretical study by Mondal et al. [143], the density-dependent nucleon effective masses in isospinasymmetric matter are parameterized as
M
MJ (ρ, δ )
∗

=1+

k+
2

ρ+

k−
2

ρτ3J δ

(31)

by generalizing the form M /M ∗ = 1 + kρ usually used in non-relativistic prescriptions of SNM [110]. The neutron–proton
effective mass splitting at saturation density is then
m∗n-p (ρ0 , δ ) ≈ −k− ρ0

(

m∗s
m

)2

δ

(32)

where the approximation (Mn∗ · Mp∗ ) ≈ (m∗s )2 is made. By using an approximately universal correlation between the energy
curvature and a combination of the magnitude and slope of nuclear symmetry energy from analyzing about 500 nuclear
energy density functionals available in the literature, all known empirical constraints on the saturation properties of nuclear
matter as well as some information about the symmetry energy at the so-called ‘‘cross point’’ of ρc ≈ 0.1 fm−3 , they
concluded that the neutron–proton effective mass splitting is m∗n-p ≈ (0.17 ± 0.24)δ with an isoscalar nucleon effective
mass of m∗s /m = 0.70 ± 0.05 at the saturation density, consistent with some earlier conclusions.
In summary of this subsection, most of the models predict that neutrons (protons) have a higher k-mass (E-mass) in
neutron-rich nucleonic matter. However, the magnitudes of the predicted k-mass and E-mass are still rather model and
interaction dependent. As a result, there is no community consensus regarding the isospin and density dependence of the
total nucleon effective mass which is the product of the k-mass and E-mass. While most models predict that the neutron–
proton total effective mass splitting is positive in neutron-rich matter consistent with the empirical constraint available,
there are some exceptions. There are clear indications that besides the different assumptions and approximations used in
handling many-body problems, the spin–isospin dependence of the three-body force, short-range behavior of the tensor
force and the isospin-dependence of nucleon–nucleon short-range correlations play significant roles in determining the
high density/momentum behavior of nucleon effective masses in neutron-rich matter. Obviously, some interesting issues
regrading the model and interaction dependence of the many-body theory predictions remain to be resolved.
In addition, as a practical matter important for the community, we comment here that nuclear reactions especially those
induced by energetic heavy rare isotopes at various radioactive beam facilities have the potential to test predictions by
many-body theories and help distinguish model ingredients responsible for the different predictions. To facilitate efforts
in this direction, it is not enough for many-body theorists to only publish their results (especially the isospin, density and
momentum-dependent single-particle potential in neutron-rich matter) at a few selected values of some variables. Some
forms of tables and/or parameterizations of predictions for each set of model parameters/assumptions will be practically
very useful for the nuclear reaction community. It is encouraging such efforts are currently being made [144].
5. Experimental constraints on the symmetry potential and neutron–proton effective mass splitting at saturation
density from nucleon–nucleus scatterings
Given the model and interaction dependences of the predicted nucleon symmetry potentials and effective masses
in neutron-rich matter, ultimately one has to use experimental observables to constrain the model predictions. Interestingly, nucleon–nucleus scattering data accumulated over several decades have already been used to constrain the
energy/momentum dependence of both the isoscalar and isovector potentials, thus the corresponding nucleon effective
masses at saturation density. These provide important boundaries for the nucleon effective masses and may be used to
constrain nuclear many-body theories and the interactions used. This area of research has a long and fruitful history, see,
e.g., Ref. [122] for a historical overview and Refs. [145,146] for recent reviews. In this section, we make some observations
and comments about some of the latest progresses and remaining issues.
Corresponding to the τ 1 · τ 2 term in the Heisenberg force between two nucleons of isospin τ 1 and τ 2 , the Lane optical
potential for a projectile of mass ap scattering on a target of mass AT has the form of [65]
U (r) = U0 (r) + 4ULane (r) ·

τp · T
ap · AT

(33)

where U0 and ULane are isoscalar and isovector (symmetry) optical potentials, respectively, and τ p and T are isospin operators
for the projectile and target nucleus, respectively. After averaging over all target nucleons, the last term in the above
expression leads to the ±(NT − ZT )/AT term of the optical potential felt by a projectile neutron/proton. It has been used
extensively in extracting information about the energy/momentum dependence of the Lane potential in many earlier
[147–151] and recent [40,41,95,145,146,152–154] studies of nucleon–nucleon scattering, (p,n) and/or (3 He,t) charge exchange reactions. As new data are accumulated, depending on the data sets, number of model parameters as well as the
form factors and/or density profiles used for the target, the quantitative results from model analyses sometimes have some
discrepancies. However, to our best knowledge, most of the analyses indicate a decreasing Lane potential with increasing
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nucleon kinetic energy described approximately by Eq. (30). In addition, folding model calculations of optical potentials
for nucleus–nucleus scattering, see, e.g. Ref. [145], coupled with many-body calculations of the EOS and single-particle
potentials in neutron-rich matter using the same interactions as used for calculating the optical potentials have also put
some constraints on the density dependence of nuclear symmetry energy as well as the neutron–proton effective mass
splitting [145,152–154]. In the following we summarize the results from studies originally reported in Refs. [40,41]. In these
analyses, the extended form of the Lane potential of Eq. (20) was used in an effort to get information not only about the
symmetry potential Usym,1 (ρ0 , k) but also the second-order symmetry potential Usym,2 (ρ0 , k).
5.1. From nucleon optical potential to its potential in nuclear matter at saturation density
First of all, both the optical potential and single-nucleon potential in nuclear matter have the Lane form of Eq. (20).
However, they are not necessarily identical. It is necessary to first briefly recall how one can get the U0 (ρ0 , k), Usym,1 (ρ0 , k)
and Usym,2 (ρ0 , k) in nuclear matter at saturation density from the optical model potentials U0 (E), Usym,1 (E) and Usym,2 (E) at
a beam energy E. The question was discussed in Refs. [40,151] and some useful relationship for conveniently transforming
the potentials were given. Using the kinetic energy TJ and δ as two independent variables necessary in expressing the three
parts of the nucleon potential given in Eq. (20), one has
UJ (E , δ ) = UJ (TJ (E), δ ).

(34)

In isospin asymmetric matter, neutrons and protons have different dispersion relationship TJ (E) because of the momentum
dependence of the isovector potential. The dispersion relationship T (E) in SNM can be readily obtained from manipulating
the single-nucleon energy
E = T + U0 (T )

(35)

once the momentum dependence of the isoscalar potential U0 (T ) is known. For the same nucleon energy E, the UJ (TJ ) can be
expanded to the first-order in δ . Then the kinetic energy TJ (E) for protons and neutrons in asymmetric matter can be written
in terms of the T (E) as
J

TJ (E) = T (E) − τ3 Usym,1 (T )µ(T )δ

(36)

where µ = (1 + dU0 /dT ) . Inserting the above relationship into Eq. (20) and expanding all terms up to δ , the Eq. (34) gives
the following transformation relations [40,151]
−1

U0 = U0 ,
Usym,1

Usym,1 =
Usym,2 =

µ
Usym,2

µ

2

(37)

,
+

(38)
2
ζ Usym
ϑ Usym,1
,1
+
,
µ2
2µ3

(39)

where

µ=1−

∂ Usym,1
∂ 2 U0
∂ U0
, ϑ=
, ζ =
.
∂E
∂E
∂E2

(40)

Shown in Fig. 14 are comparisons of the Usym,1 and Usym,1 (window a) as well as Usym,2 and Usym,2 (window b) obtained
from analyzing a set of data from the EXFOR database [93]. It is seen that the Usym,1 is larger than the Usym,1 at lower momenta
(energies) while the Usym,1 becomes smaller than the Usym,1 at higher momenta (energies). Namely, they have different slopes
in energy/momentum, just would give different neutron–proton effective mass splittings. In addition, both the Usym,1 and
Usym,1 decrease with nucleon momentum p and become negative when the nucleon momentum is larger than about p = 470
MeV/c (i.e., E = 90 MeV). These are in qualitative agreement with predictions of most many-body theories as we discussed
in the previous section. Furthermore, while the Usym,2 is almost a constant, Usym,2 increases with nucleon momentum p and
becomes comparable to the Usym,1 , especially at higher energies.
We notice that in some analyses the above transformations between Usym,1 (Usym,2 ) and Usym,1 (Usym,2 ) were not
considered. Indeed, it is unnecessary for the isoscalar potential. However, the above discussions clearly indicate the
importance of doing the transformation for the symmetry potential. Based on the discussions in the previous section, it is
clear that the isoscalar effective mass m∗0 /m can be extracted directly from the nucleon isoscalar optical potential. However,
to get the neutron–proton effective mass splitting, it is important to consider the factor µ. Since the Coulomb potential
is normally explicitly considered in the optical model analyses of proton–nucleus scattering and one normally does the
calculations in the theoretically uncharged isospin asymmetric nucleonic matter, the above transformations are thus valid
for both neutrons and protons. However, it was known that to transform to the interior of nuclei in β equilibrium an extra
relationship between the Coulomb potential and the symmetry potential is required [151].
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Fig. 14. Momentum dependence of Usym,1 (Usym,1 ) (a) and Usym,2 (Usym,2 ) (b). The corresponding momenta at E = −16, 0, 100 and 200 MeV are indicated
with dotted lines. Source: Taken from Ref. [40].

Fig. 15. Energy dependent isoscalar U0 (left) and isovector Usym (right) nucleon potentials from analyzing nucleon–nucleus scattering data.
Source: Taken from Ref. [41].

5.2. From the energy dependence of Lane potential to neutron–proton effective mass splitting in neutron-rich matter at saturation
density
An example, shown in Fig. 15 are the optical potentials from a global optical model analysis [41] of all 2249 data sets of
reaction and angular differential cross sections of neutron and proton scattering on 234 targets at beam energies from 0.05
to 200 MeV available in the EXFOR database [93]. Compared in the left window of Fig. 15 are the nucleon isoscalar potentials
from the analysis (hatched bands) in Ref. [41] and the Schrödinger equivalent isoscalar potential obtained earlier by Hama
et al. [155]. They are consistent with each other and give an isoscalar effective mass of m∗0 /m = 0.65 ± 0.06. Shown on the
right is a comparison of the nucleon isovector potential Usym with results from several earlier studies [147–150]. Albeit at
different slopes and some of them have different energy ranges, the isovector potentials all clearly decrease with increasing
energy. Up to a kinetic energy of ≲ 200 MeV, the average values of the nucleon optical potentials shown in Fig. 15 from
Refs. [40,41] can be parameterized as
U0 = S0 + S1 E + S2 E 2 , Usym,1 = a + bE , Usym,2 = d + fE

(41)

with S0 ≈ −55.06 ± 1.24 MeV, S1 ≈ 0.343 ± 0.030, S2 ≈ −(2.524 ± 1.224) × 10 MeV , a ≈ 25.4 ± 6.27 MeV, b ≈
−0.205 ± 0.056, d ≈ 8.896 ± 4.864 MeV and f ≈ −(3.844 ± 10.721) × 10−4 [41]. We notice that the parametrization for the
−4

−1

Usym,1 in the above is consistent with that given in Eq. (30). Using the transformations discussed in the previous subsection,
the above nucleon optical potentials can be translated to single-nucleon potential in nuclear matter at saturation density as

U0 (E) ≈ (−55.06 ± 1.24) + (0.34 ± 0.030)E + (−2.52 ± 1.22) × 10−4 E 2 ,
Usym (E) ≈ (38.67 ± 9.71) + (−0.34 ± 0.089)E + (2.63 ± 1.56) × 10−4 E 2 ,

(42)
(43)
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Usym,2 (E) ≈ (0.89 ± 8.77) + (0.12 ± 0.064)E + (−2.24 ± 1.75) × 10−4 E 2 .
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(44)

These potentials provide useful boundary conditions for nuclear many-body theories. In particular, we emphasize that the
parametrization in Eq. (43) instead of the ones in Eq. (41) or Eq. (30) (which are the nucleon optical potentials themselves)
should be used as the nucleon symmetry potential at saturation density in isospin asymmetric nuclear matter. It then leads
to a neutron–proton total effective mass splitting of m∗n-p (ρ0 ) = (0.41 ± 0.15)δ at saturation density [41].
We note that some earlier analyses of nucleon–nucleus scattering data, mostly from proton–nucleus scattering together
with limited amount of neutron–nucleus scattering data, were carried out within a Dirac phenomenological optical
model under the assumption that the isovector potential is either energy/momentum-independent or has the same
energy/momentum dependence as the isoscalar potential [156]. A globally good reproduction of the experimental data
in such analyses was cited by some people as an indication that the symmetry potential may increase with energy. This
interpretation is obviously in contrast with the conclusions we discussed above. It is well known that the nucleon isoscalar
optical potential increases with increasing nucleon energy. Because the isospin asymmetries of the target nuclei are normally
very small, if the much weaker isovector potential, as shown in Eq. (41), is pre-assumed to have the same energy dependence
as the isoscalar potential, a good fit to the data does not necessarily mean that the isovector potential is actually increasing
with energy. In fact, to our best knowledge, so far there is no clear indication for the symmetry potential to increase with
momentum/energy corresponding to a negative neutron–proton effective mass splitting at ρ0 from any solid analysis of
available experimental data.
In summary of this section, optical model analyses of nucleon–nucleus and change exchange reactions have been very
useful in constraining the momentum/energy dependence of the Lane optical potential at ρ0 . After a proper transformation
of the optical potential into the single-nucleon potential in nuclear matter, the extracted information about the optical
potentials constrains the nucleon isoscalar and isovector potential in nuclear matter at ρ0 , and thus also the corresponding
nucleon effective masses. A comprehensive analyses of all available nucleon–nucleus scattering data below 200 MeV
indicates that the neutron–proton total effective mass splitting is m∗n-p (ρ0 ) = (0.41 ± 0.15)δ at ρ0 .
6. Isospin dependences of nucleon effective masses and their relationships with nuclear symmetry energy
The equation of state (EOS) of neutron-rich matter and the isospin dependence of nucleon effective masses are determined
by the same underlying interaction. In particular, the density dependence of nuclear symmetry energy
1 ∂ 2 E(ρ, δ ) ⏐

Esym (ρ ) ≡ Esym,2 (ρ ) =

∂δ 2

2

⏐
⏐
⏐

(45)

δ=0

appearing in the EOS
E(ρ, δ ) = E0 (ρ ) + Esym,2 (ρ )δ 2 + Esym,4 (ρ )δ 4 + O(δ 6 )

(46)

of isospin asymmetric nuclear matter is still uncertain especially at supra-saturation densities. The symmetry energy Esym (ρ )
can be expanded around ρ0 to third order in density as
Esym (ρ ) = Esym (ρ0 ) +

L

[(
)
(
)2
(
)3
)4 ]
ρ
Ksym ρ
Jsym ρ
ρ
−1 +
−1 +
−1 +O
−1
ρ0
18 ρ0
162 ρ0
ρ0

(

3

(47)

in terms of its magnitude Esym (ρ0 ), slope L = [3ρ∂ Esym,2 (ρ )/∂ρ]ρ0 , curvature Ksym = [9ρ 2 (∂ 2 Esym,2 (ρ )/∂ρ 2 )]ρ0 and skewness
Jsym,2 = [27ρ 3 ∂ 3 Esym (ρ )/∂ρ 3 ]ρ0 at saturation density. Similarly, the EOS of symmetric nuclear matter can be expanded

[(
)2
(
)3
)4 ]
ρ
J0
ρ
ρ
E0 (ρ ) = E0 (ρ0 ) +
−1 +
−1 +O
−1
18 ρ0
162 ρ0
ρ0
K0

(

(48)

in terms of its incompressibility K0 = [9ρ 2 (∂ 2 E0 (ρ )/∂ρ 2 )]ρ0 and skewness J0 = [27ρ 3 ∂ 3 E0 (ρ )/∂ρ 3 ]ρ0 at saturation density.
The isospin-quartic (fourth-order) symmetry energy
Esym,4 (ρ ) ≡

1 ∂ 4 E(ρ, δ ) ⏐
24

∂δ 4

⏐
⏐
⏐

(49)

δ=0

may play significant roles in some properties of neutron stars, such as the core–crust transition density and pressure [157,
158]. However, it is theoretically very uncertain and there is no experimental constraint available so far. Of course, the
uncertainties of the symmetry energies and the nucleon effective masses in neutron-rich matter are strongly correlated
and they are normally predicted simultaneously by the same nuclear many-body theories. Nevertheless, it is interesting to
examine analytically their direct relations. In particular, it would be instructive for getting insights about the poorly known
isovector nuclear interaction if the relationships are model independent. In this section, we review some recent efforts in
this direction. The focus is to identify the key underlying ingredients of the Esym (ρ ), Esym,4 (ρ ), L and the nucleon effective
masses, especially the relations among them and their dependences on the momentum dependence of both the isoscalar
and isovector single-nucleon potential.
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6.1. Hugenholtz–Van Hove theorem connecting nucleon potential, effective mass and symmetry energy in isospin asymmetric
nuclear matter
To our best knowledge, effects of the isoscalar nucleon effective mass M0∗ on nuclear symmetry energy were first studied
in some details as early as in 1958 by Brueckner and Gammel in Ref. [159]. Later, in the sixties and seventies a number of
works using the Bruckner theory [160,161] have studied the relationship among the symmetry energy, nucleon isoscalar
effective mass and symmetry potential, leading to the expression
Esym (ρ ) =

k2F

1

1

3 2M0 (ρ, kF )
∗

+ Usym,1 (ρ, kF ).

(50)

2

The general HVH theorem [94,162] or the Gibbs–Duhem relation required for all Fermionic many-body theories can be
written as
dξ
d(ρ E)
dE
=
=E+ρ
= E + P /ρ
(51)
EF =
dρ
dρ
dρ
where ξ = ρ E is the energy density and P is the pressure at zero temperature. Applying the HVH theorem to isospinasymmetric nuclear matter, Fritsch, Kaiser and Weise derived the following expression for nuclear symmetry energy [163]
Esym (ρ ) =

1 k2F
3 2M

1

kF

2

6

+ Usym,1 (ρ, kF ) +

(

∂ U0
∂k

)
−
kF

1 k4F
6 2M 3

(52)

where the last term is a relativistic correction of less than 1 MeV at ρ0 to the kinetic energy [164]. Neglecting the small
relativistic correction and using the definition of isoscalar nucleon effective mass, the above expression reduces to the
Eq. (50). To our best knowledge, it was the first time in 2005 that the HVH theorem was used to connection analytically
the symmetry energy, nucleon isoscalar effective mass and symmetry potential in Ref. [163]. Later, by expanding both sides
of the HVH theorem in isospin asymmetry, not only the above expression for Esym (ρ ) but also higher-order (e.g., the isospinquartic) symmetry energy were systematically derived in terms of the nucleon isoscalar and isovector effective masses as
well as their own momentum dependences by Xu et al. [66,95,96,98]. Moreover, the density slope L(ρ ) at an arbitrary density
ρ was expressed as [66,95,96,98]
L(ρ ) =

k2F

2

3 2M0∗ (ρ, kF )

3

1

2

6

+ Usym,1 (ρ, kF ) −

(

)⏐
⏐
⏐
dUsym,1 ⏐
⏐
⏐ + 3Usym,2 (ρ, kF ).
⏐ +
∂k ⏐
dk ⏐k
F

k3 ∂ M0∗
M0∗ 2

(53)

kF

Very recently, using a similar approach and assuming the nucleon potentials depend quadratically on its momentum,
expressions for the Esym (ρ ), L(ρ ) and their relations are also expressed in terms of parameters describing the density and
isospin dependences of nucleon effective masses in Ref. [143]. It is seen from Eq. (50) that the Esym (ρ ) consists of the kinetic
contribution to the symmetry energy (referred as kinetic symmetry energy in the following) equivalent to 1/3 the Fermi
energy of quasi-nucleons with an isoscalar effective mass M0∗ (ρ, kF ) and the potential symmetry energy of 1/2 the isovector
potential Usym,1 (ρ, kF ) at the Fermi momentum kF . The density slope L(ρ ) has five components depending on

•
•
•
•
•

the magnitude of the nucleon isoscalar effective mass M0∗ , L1 (ρ ) ≡ k2F /3M0∗ (ρ, kF ),
the momentum dependence of the nucleon isoscalar effective mass, L2 (ρ ) ≡ −[k3F /6M0∗2 (ρ, kF )][∂ M0∗ (ρ, k)/∂ k]k=kF ,
the magnitude of the nucleon isovector potential Usym,1 (ρ, kF ), L3 (ρ ) ≡ 3Usym,1 (ρ, kF )/2,
the momentum dependence of the nucleon isovector potential, L4 (ρ ) ≡ kF [∂ Usym,1 (ρ, k)/∂ k]k=kF ,
the magnitude of the second-order symmetry potential Usym,2 (ρ, kF ), L5 (ρ ) ≡ 3Usym,2 (ρ, kF ).

In the case that the single nucleon potential also depends on energy, one then uses the total differential to replace the
partial differential, i.e., d/dk = ∂/∂ k + ∂ k/∂ E · ∂/∂ k → ∂/∂ k. The above decomposition of Esym (ρ ) and L(ρ ) was applied in
Ref. [95] to the nucleon optical potential at ρ0 extracted from analyzing some old data of nucleon–nucleus scatterings. Later,
it has been used with nucleon potentials from more extensive analyses of nucleon–nucleus scatterings and/or predictions
from HF calculations using Skyrme and/or modified Gogny forces [40,66,96,98]. For example, using the U0 , Usym,1 and Usym,2
at ρ0 from transforming the parameterized nucleon optical potentials in Eq. (41), one can obtain the expression for the
symmetry energy
Esym (ρ ) =

k2F
6M µ

+

a + bE
2µ

=

1

µ

(

k2F
6M

+

a + bE
2

)

,

(54)

and the decomposition of the slope parameter
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Fig. 16. Components of the symmetry energy slope parameter L(ρ ) from Gogny–Hartree–Fock calculations with the D1 (a), D1S (b), D1N (c), and D1M (d)
parameter sets. Source: Taken from Ref. [96].
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2

Usym,1 =

(57)
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(59)

where µ = 1 − S1 − 2S2 E. For example, using the parameters extracted from an earlier analysis of the available nucleon–
nucleus scattering data [40], the five components of L(ρ0 ) are, respectively, L1 (ρ0 ) = 37.76 ± 3.23 MeV, L2 (ρ0 ) = −2.57 ±
1.29 MeV, L3 (ρ0 ) = 55.08 ± 4.48 MeV, L4 (ρ0 ) = −46.11 ± 11.87 MeV, and L5 (ρ0 ) = 0.81 ± 14.48 MeV. It is interesting
to note that the L2 (ρ0 ) is very small, indicating that the contribution of the momentum dependence of the isoscalar nucleon
effective mass is unimportant. Whereas the L4 (ρ0 ) contributes significantly negatively, demonstrating the importance of the
momentum dependence of the symmetry potential Usym,1 which is also the one determining the neutron–proton effective
mass splitting as we discussed earlier. This term, however, has a large error bar. The resulting total L(ρ0 ) = 44.98±22.31 MeV
is well within its boundary from analyzing many observables shown in Fig. 20. The large uncertainty is mainly due to that
of the isovector potential Usym,1 and the second-order symmetry potential Usym,2 .
Another interesting example shown in Fig. 16 is the decomposition of L(ρ ) within the HF approach using the same four
Gogny parameter sets used in calculating the symmetry potentials shown in the left window of Fig. 5. Again, the L2 (ρ )
contribution due to the momentum dependence of the isoscalar nucleon effective mass is negligible. The L3 (ρ ) or Usym,1 (ρ, kF )
exhibits different density dependences for different interactions used. The L4 (ρ ) reflecting explicitly the neutron–proton
effective mass splitting is very different depending on the interaction used as one would expect from examining the
symmetry potentials in Fig. 5. It was also noted that the L5 (ρ ) due to the second-order symmetry potential Usym,2 (ρ, kF ) in
all four Gogny HF calculations are significant. Overall, it is seen that the momentum dependence of the symmetry potential
plays a significant role in determining the L(ρ ).
6.2. Isospin-quartic symmetry energy and its dependence on nucleon isoscalar and isovector effective masses
The size and density dependence of the isospin-quartic term Esym,4 (ρ ) in the EOS of isospin asymmetric nuclear matter
have been uncertain with conflicting predictions using various models, see, e.g., Ref. [165,166] for a recent review. To
understand the physics underlying the Esym,4 (ρ ), it is useful to decompose it in ways as model independent as possible.
In this regard, we note that in deriving the Eqs. (50) and (53) using the HVH theorem, the Esym,4 (ρ ) was simultaneously
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expressed by Xu et al. as [66]
Esym,4 (ρ ) =

h̄2
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(60)

The first term is the well-known kinetic contribution to Esym,4 (ρ ), while the rest is determined by several terms describing
the very fine details of the momentum dependences of each part of the single-nucleon potential: the first-order, secondorder and third-order derivatives of U0 (ρ, k) with respect to momentum, both the first-order and second-order derivatives
of Usym,1 (ρ, k), the first-order derivative of the Usym,2 (ρ, k) as well as the coefficient Usym,3 (ρ, kF ) of the δ 3 term in expanding
the single-particle potential according to Eq. (20). As we discussed earlier, our current knowledge of even the first-order
derivative of single-nucleon potential is still very poor not to mention the high-order derivatives with respect to momentum.
This explains why it is so difficult to accurately determine the isospin-quartic term and what unknown physics are at work.
Since the HVH theorem is of general validity in the framework of Fermionic many-body theories, we emphasize that the
decompositions of the Esym,2 (ρ ), L(ρ ) and Esym,4 (ρ ) are all general and they are independent of the specific models and
interactions used.
For illustrations, the BGBD phenomenological potential of Bombaci–Gale–Bertsch–Das Gupta [117] was used in Ref. [66]
to calculate the Esym,4 (ρ ) and examine its dependence on the neutron–proton effective mass splitting. The BGBD potential
at a reduced density u = ρ/ρ0 can be written as [117]
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where IJ = [2/(2π )3 ] d3 kfJ (k)g(k) with g(k) = 1/[1 + (k/Λ)2 ] being a momentum regulator of scale Λ and fJ (k) being
the phase space distribution function of nucleon J = n or p, and J ′ =p or n. This potential with different sets of parameters
have been used in simulating heavy-ion collisions, see, e.g., Ref. [118]. In particular, the three parameters x0 , x3 and z1 can be
adjusted to give different symmetry energy Esym,2 (ρ ) and the neutron–proton effective mass splitting m∗n − m∗p [117–119].
UJ (u, δ, k) = Au + Buσ −

2

(σ − 1)

B

(

1

For example, shown in the upper window of Fig. 17 are the BGBD symmetry potentials versus nucleon kinetic energy for
the two cases of m∗n > m∗p (case 1) and m∗n < m∗p (case 2), respectively. As we have discussed earlier and shown in this
figure, the tendency of case 2 is inconsistent with that of the empirical symmetry potential indicated by the blue bars. As
shown in the lower two windows of Fig. 17, these two cases have completely opposite Esym,4 (ρ ) as a function of density.
Various contributions to the Esym,4 (ρ ) in the two cases can also be seen very clearly. While the kinetic contribution T and U0
contributions are the same in both cases, the Usym,1 contribution dominates the high-density behavior of Esym,4 (ρ ). Moreover,
the Usym,3 contributes appreciably and oppositely in the two cases. Since the neutron–proton effective mass splitting m∗n − m∗p
is determined by the momentum dependence of the Usym,1 , it is then easy to understand the obvious correlation between
the m∗n − m∗p and the Esym,4 (ρ ). Moreover, to our best knowledge, the Usym,3 is completely unconstrained by neither theories
nor experiments. Given the small δ one can reach even with radioactive beams, it will be a big challenge to experimentally
probe this term in terrestrial laboratories. This also helps explain why the Esym,4 (ρ ) is still so uncertain.
Another interesting example illustrating the role of nucleon effective masses in determining the Esym,4 (ρ ), independent
of the HVH decomposition, is the results of the conventional and extended SHF calculations. It was shown very recently that
the Esym,4 (ρ ) is completely determined by the isoscalar and isovector nucleon effective masses according to [167]
Esym,4 (ρ ) =

h̄2
162M

(

3π 2 ρ
2

)2/3 [

3M
Mv∗ (ρ )

−

2M
Ms∗ (ρ )

]

.

(62)

It is seen that a larger Esym,4 (ρ ) would require a very small Mv∗ but larger Ms∗ [167]. Indeed, it was shown numerically
that the Esym,4 (ρ0 ) correlates strongly positively with Ms∗ but negatively with Mv∗ . Given the large uncertainties of the
Ms∗ and Mv∗ even at the saturation density as we discussed earlier, no wonder why the values of Esym,4 (ρ ) from various
models are so different. Moreover, as shown in Eq. (25), (Mn∗ − Mp∗ ) ∝ (Ms∗ − Mv∗ ), the Esym,4 (ρ ) is thus closely related
to the neutron–proton effective mass splitting in neutron-rich matter. For instance, using m∗s /m = 0.82 ± 0.08 and
m∗v /m = 0.69 ± 0.02 predicted by the chiral effective field theory of Refs. [128,135], then the isospin-quartic symmetry
energy is about Esym,4 (ρ0 ) = 0.868 ± 0.142 MeV at ρ0 = 0.16 ± 0.02 fm−3 .
6.3. A brief summary of the current status of constraining the density dependence of nuclear symmetry energy
For completeness and ease of our discussions to relate the symmetry energy with the neutron–proton effective mass
splitting, in this subsection we very briefly summarize the current situation of constraining the density dependence of
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Fig. 17. Upper: Nuclear symmetry potential as a function of nucleon kinetic energy in nuclear matter at the saturation density. Taken from Ref. [119].
Lower: The kinetic and various potential contributions to the fourth-order symmetry energy Esym,4 with the BGBD potential for m∗n > m∗p (left, case1) and
for m∗n < m∗p (right, case 2). Taken from Ref. [66].

nuclear symmetry energy. More comprehensive reviews on this topic can be found in Refs. [19,134,171–183]. Essentially
all available many-body theories and interactions have been used to predict the density dependence of nuclear symmetry
energy. The predictions more or less agree around the saturation density either as a prediction or by design. However, at
both sub-saturation and supra-saturation densities the predictions often disagree especially at high densities where there is
no experimental constraints available. Among the possible origins for the uncertain high-density behavior of the symmetry
energy, the spin–isospin dependence of the three-body force in energy density functional approaches, the meson–baryon
coupling schemes in relativistic mean-field models, the isospin dependent short-range correlations and the tensor force at
short-distance in microscopic many-body theories are known to be very important.
Naturally, all nuclear many-body theories and interactions have their own advantages and disadvantages. While we
are not in a position to make any judgement about them, we note that according to some experts chiral effective field
theory approaches with a better controlled hierarchy of interactions are promising for eventually pinning down the EOS
especially the density dependence of nuclear symmetry energy of neutron-rich matter. We thus use here predictions of
some chiral effective field theories as an example. Reviews of recent progresses in calculating the EOS using chiral effective
2-body and 3-body forces within various many-body approaches can be found in Refs. [184–187]. As examples, shown in
the left window of Fig. 18 are chiral effective field theory predictions for the symmetry energy Esym (ρ ) up to about 1.5ρ0
from Ref. [168]. The yellow and red bands represent the uncertainties in the predictions due to the high-momentum cutoff
variations as obtained in complete calculations at NLO and N2LO, respectively. The blue band is the result of a calculation
employing N3LO NN potentials together with the N2LO 3-body force. The middle window compares chiral effective field
theory predictions using different high-momentum cutoff parameters with that of the DBHF theory [169] up to about 3ρ0 . It
is clearly shown that the predictions using different high-momentum cutoff parameters do not converge at supra-saturation
densities. By design according to some experts, the chiral effective field theory is a low-energy theory that is more suitable
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Fig. 18. Left: The symmetry energy Esym (ρ ) from chiral effective field theory of Ref. [168]. Middle: comparing chiral effective field theory predictions using
different high-momentum cutoff parameters with the DBHF result up to supra-saturation densities [169]. Right: the correlation between the slope (L) and
magnitude Esym (ρ0 ) of symmetry energy at saturation density with chiral effective forces within the many-body perturbation theory of Ref. [170].

at low densities/momenta. Indeed, as illustrated in the right window, the predicted correlation between the slope (L) and
magnitude Esym (ρ0 ) at saturation density [170] are generally in good agreement with known experimental constraints that
we shall discuss in detail in the following. It is interesting to note that recently the equation of state and nucleon effective
masses in asymmetric nuclear matter from chiral two- and three-body forces as well as the binding energies of finite nuclei
are used to construct/calibrate new Skyrme interactions within the SHF approach. The resulting interactions were used
successfully in studying properties of neutron-skins and the dipole polarizability of nuclei as well as properties of neutron
stars [136,137].
As shown in Eqs. (46)–(48), the EOS of ANM as well as its isospin-symmetric and asymmetric parts are normally
expanded around δ = 0 and ρ0 , respectively, in terms of several characteristic functions and/or parameters. Naturally
and mathematically intrinsic to the Taylor expansions used, the resulting values of the expansion coefficients are generally
correlated. The poorly known high-density behavior of the symmetry energy or stiffness of the EOS are manifested in both
the strengths and ranges of the correlated coefficients. Often, it is impossible to accurately determine one coefficient without
knowing the next-order coefficient and its uncertainty. These correlations have been studied extensively under various
constraints using different approaches. For instance, in an effort of determining both the Esym,2 (ρ ) and Esym,4 (ρ ) from SHF
model analyses of nuclear masses, Farine et al. already found in 1978 an approximately linear correlation between the
slope parameter L and the magnitude Esym,2 (ρ0 ) of symmetry energy at saturation density [190,191]. Another earlier and
interesting example is the findings of Coló et al. that not only the L and Esym,2 (ρ0 ) but also the incompressibility K0 and
characteristics of Esym (ρ ) are correlated [192]. Namely, while the incompressibility K0 has been constrained to be around
K0 = 240 ± 20 MeV [193–195], because of its correlations with Esym (ρ ) in finite nuclei it is impossible to narrow down
the uncertainty of K0 further without a better knowledge about the Esym (ρ ) near the saturation density. In turn, accurate
knowledge about some of the coefficients in expanding the E0 (ρ ) and Esym (ρ ) from either experiments and/or theories, their
correlations with other coefficients enable us to learn more about the latter. Indeed, in recent years such correlations based
on various models have been used extensively and fruitfully, see, e.g., Refs. [143,188,196,197]. For example, as shown in
Fig. 19 Tews et al. examined recently correlations among the EOS parameters from mean field model calculations using
240 Skyrme forces [51] and 263 RMF forces [189] compiled by Dutra et al. Excluding some of the unrealistic forces using
the criteria: 0.149 fm−3 < ρ0 < 0.17 fm−3 , −17 MeV < E0 (ρ0 ) < −15 MeV, 25 MeV < Esym (ρ0 ) < 36 MeV, and
180 MeV < K0 < 275 MeV (accepted interactions), they found the following correlations with the respective correlation
coefficients r using 68.3% and 95.4% of the accepted interactions, respectively:
L = 11.969Esym (ρ0 ) − (319.55 ± 19.83[41.56]) MeV,
Ksym = 3.501 L − (305.67 ± 24.26 [56.59]) MeV,
Jsym = −6.443 L + (708.74 ± 118.14 [171.34]) MeV,

r = 0.74 ,

(63)

r = 0.96 ,

(64)

r = −0.86

(65)

as depicted in Fig. 19. These correlations were further used in a Unitary Fermi Gas model [188] to constrain the symmetry
energy, leading to the fiducial exclusion boundary (solid thick-red curve) in the L−Esym (ρ0 ) plane shown in the left window of
Fig. 19. It is interesting to see that the obtained exclusion boundary tightens the confidence ellipse (blue) for the L − Esym (ρ0 )
correlation determined by the UNEDF Collaboration [92] for an assumed fiducial binding energy error of 2 MeV. It is worth
noting again that currently there is essentially no experimental constraint on the ranges of Ksym and Jsym characterizing the
high-density behavior of nuclear symmetry energy. Very recently by analyzing comprehensively the relative elliptical flows
of neutrons and protons measured by the ASY-EOS and the FOPI-LAND collaborations at GSI using a Quantum Molecular
Dynamics (QMD) model [198], a value of Ksym = 96 ± 315(exp) ± 170(th) ± 166(sys) MeV was extracted. Unfortunately,
such value does not help constrain model predictions. We also notice that there have been continued efforts to determine

B.-A. Li et al. / Progress in Particle and Nuclear Physics 99 (2018) 29–119

57

Fig. 19. Left: The confidence ellipse (blue) for the L − Esym (ρ0 ) correlation as determined by the UNEDF Collaboration [92] for an assumed fiducial binding
energy error of 2 MeV. The solid thick-red curve shows the conservative fiducial exclusion boundary (the shaded gray region is excluded) determined by
Tews et al. from using the Unitary Fermi Gas model with parameters constrained by experimental data and/or theoretical predictions [188]. The symmetry
energy parameters from the compilations of [51,189] are indicated with either the plus and open circle symbols (denoted ‘r’) for interactions that were
rejected, and the filled circles and open diamonds (denoted ‘a’) showing interactions that were accepted. The correlation between these parameters for
the ‘accepted’ interactions of Eq. (63) is shown as the solid line, together with the dashed lines showing 68.3% and 95.4% enclosures. The middle (right)
panel shows the symmetry incompressibility Ksym (skewness Jsym ) versus the symmetry parameter L for 240 Skyrme interactions compiled in [51] and 263
RMF forces compiled in [189]. The solid lines show the correlations obtained from the ‘accepted’ (a) realistic interactions after excluding the ‘rejected’ (r)
interactions; the dashed lines enclose, respectively, 68.3% and 95.4% of the accepted interactions. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
Source: Taken from Ref. [188].

the Ksym by studying directly the isospin dependence of nuclear incompressibility
K ( δ ) ≈ K0 + Kτ δ 2 + O ( δ 4 )

(66)

where the Kτ
Kτ = Ksym − 6L − J0 L/K0

(67)

can be extracted from studying giant resonances of neutron-rich nuclei [199,200]. Unfortunately, the current estimate of
Kτ ≈ −550 ± 100 MeV [192] is still too rough to constrain the individual values of J0 and/or Ksym . New experiments with
more neutron-rich beams have the potential of improving significantly the accuracy of measuring Kτ . On the other hand, as
we shall discuss in the following, the L parameter has already been constrained to regions much narrower than that shown
in the plots of Fig. 19 based on many analyses of different kinds of experimental data.
Over the last few years, significant efforts have been made by many people in both nuclear physics and astrophysics
to constrain the density dependence of nuclear symmetry energy based on model analyses of various kinds of experimental/observational data, including atomic masses, sizes of neutron-skins of heavy nuclei, various kinds of giant resonances,
several observables and phenomena in heavy-ion collisions, systematics of isobaric analog states, radii and cooling curve
of neutron stars, etc. Unfortunately, the correlations among the symmetry energy coefficients (Esym (ρ0 ), L, Ksym and Jsym )
are not always fully explored. Nevertheless, often the individual ranges/uncertainties of the Esym (ρ0 ) and L are given. It
is thus still useful to compare the individual values of Esym (ρ0 ) and L. For example, shown in Fig. 20 are the 28 values of
Esym (ρ0 ) and L(ρ0 ) extracted from analyzing terrestrial nuclear laboratory experiments and astrophysical observations up
to 2013. Naturally, all analyses are based on some models and often different approaches are used in analyzing the same
data or observations. However, it is interesting to see that there is a high level of consistency around the fiducial values of
Esym (ρ0 ) = 31.6 ± 2.66 MeV and L = 59 ± 16 MeV [67].
More recently, Oertel et al. surveyed 53 analyses made up to 2016 [183]. Shown in Fig. 21 are the probability distributions
of J ≡ Esym (ρ0 ) and L values they obtained by assuming Gaussian forms with widths given by the errors/uncertainties of the
individual studies. The dashed vertical lines are used if no uncertainty information is available, while the allowed ranges with
upper or lower bounds are indicated by arrows. Averaging over their selected results (excluding upper and lower bounds),
they found the fiducial values of J = Esym (ρ0 ) = (31.7 ± 3.2) MeV and L = (58.7 ± 28.1) MeV. These results are consistent
with those shown in Fig. 20 albeit with a larger ‘‘error bar’’ for L as a larger group of more diverse analyses is considered.
We also note that the fiducial values from both Figs. 20 and 21 are consistent with the Esym (ρ0 ) versus L(ρ0 ) correlation plot
using only 6 analyses selected by Lattimer and Steiner in Ref. [201]. Moreover, it is interesting to note that the recent LIGO
measurement [202] of the tidal polarizability of spiraling neutron stars in GW170817 only limits the L value to L < 80 MeV
at the 90% confidence level [203]. It is consistent but less restrictive than the existing constraints on L we discussed above.
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Fig. 20. The reported magnitude Esym (ρ0 ) (upper window) and slope parameter L (lower window) of nuclear symmetry energy at saturation density of
nuclear matter from 28 analyses of terrestrial nuclear laboratory experiments and astrophysical observations. Source: Taken from Ref. [67].

Fig. 21. Probability distribution of the symmetry energies at saturation J ≡ Esym (ρ0 ) (left panel)and of the symmetry energy slope parameter L (right panel)
from 53 studies in the literature up to Oct. 2016. Source: Taken from Ref. [183].

6.4. From symmetry energy to neutron–proton effective mass splitting in neutron-rich matter
The above discussions focus on obtaining the symmetry energy from the density and momentum/energy dependence of
single-nucleon potential or self-energy. In turn, if the density dependence of nuclear symmetry energy is well determined,
one can also infer subsequently information about the neutron–proton effective mass splitting. For example, as an application of the non-relativistic expressions of Esym (ρ ) and L(ρ ) in Eqs. (50) and (53), if one neglects the small contributions of the
momentum dependence of the nucleon isoscalar effective mass itself and the second-order symmetry potential Usym,2 , the
neutron–proton effective mass splitting at ρ0 can then be readily expressed in terms of the Esym (ρ0 ) and L(ρ0 ) as [67]
m∗n-p (ρ0 , δ ) ≈ δ ·

3Esym (ρ0 ) − L(ρ0 ) − 3−1 (m/m∗0 )EF (ρ0 )
EF (ρ0 ) m/m∗0

(

)2

.

(68)
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A similar expression was derived very recently in Ref. [143]. It is interesting to see that the Mn∗ is equal to, larger or smaller
than the Mp∗ depends on the symmetry energy and its slope. For example, using empirical values of Esym (ρ0 ) = 31 MeV,
m∗0 /m = 0.7 and EF (ρ0 ) = 36 MeV, a value of L(ρ0 ) ≤ 76 MeV is required to get a positive m∗n-p (ρ0 , δ ). Interestingly, most
of the extracted values of Esym (ρ0 ) and L(ρ0 ) from both terrestrial experiments and astrophysical observations satisfy this
condition [67,182,183]. Moreover, using the decompositions of the symmetry energy and its slope parameter, the neutron–
proton effective mass splitting m∗n-p (ρ, δ ) at an arbitrary density ρ can be rewritten via
∗,2

mn-p (ρ, δ ) ≈ −δ ·
∗

2M0

Mk2F

∗,2

[2L2 (ρ ) + L4 (ρ )] = δ ·

2M0

[

]
⏐
⏐ − kF + 6Usym,2 (ρ ) − 2(L(ρ ) − 3Esym (ρ )) .(69)
⏐
3M0∗
kF
kF

dUsym,1 ⏐

MkF

dk

Thus, the empirical constraint that Mn > Mp at ρ0 , then requires the inequality
∗

D ≡ Usym,2 (ρ0 ) +

∗

⏐
k2F
L(ρ0 )
⏐
− Esym (ρ0 ) +
.
≥
⏐
dk k ,ρ
3
18M0∗
F 0

kF dUsym ⏐
6

(70)

The quantities on the right hand side are currently better constrained than those on the left hand side, thus providing a useful
constraint on the combination D. For instance, L(ρ0 )/3 − Esym (ρ0 ) + k2F /18M0∗ ≈ −5.5 ± 5.8 MeV with L(ρ0 ) = 59 ± 16 MeV,
Esym (ρ0 ) = 31 ± 2 MeV and M0∗ /M = 0.7 ± 0.1, leading to D ≳ −5.5 MeV.
From the 28 extracted values for Esym (ρ0 ) and L(ρ0 ) shown in Fig. 20, the mean values of Usym,1 (ρ0 , kF ) = 2[Esym (ρ0 ) −
3−1 (m/m∗0 )EF (ρ0 )] and m∗n-p (ρ0 , δ ) from different studies were found [67] to scatter very closely around Usym,1 (ρ0 , kF ) =
29 MeV and m∗n-p (ρ0 , δ ) = 0.27δ , respectively. These results are remarkably consistent with those extracted from the optical
model analyses we discussed in Section 5. However, it is necessary to point out that currently it is impossible to estimate
a scientifically sound error bar for the extracted m∗n-p (ρ0 , δ ) in this approach. This is because some reported constraints on
the Esym (ρ0 ) and L(ρ0 ) are given in certain ranges where all values are equally probable, some others are given in terms of
the means and the standard deviations, while the rest are given with only the mean values without any information about
the associated uncertainties. Nevertheless, as an indication of uncertainties, a ‘‘standard deviation’’ of 0.25δ was estimated
for the m∗n-p (ρ0 , δ ) = 0.27δ using the 28 mean values and the average sizes of the uncertainty ranges when available. Thus,
based on this analysis alone, while the mean values indicate strongly that m∗n is higher than m∗p at ρ0 , its uncertainty remains
to be quantified more scientifically.
6.5. Decompositions of nuclear symmetry energy and neutron–proton effective mass splittings in relativistic approaches
A relativistic version of the decomposition of the Esym (ρ ) and L(ρ ) in terms of Lorentz covariant nucleon self-energies was
given in Ref. [97]. Here the main conclusions as well as an example of applying it to the RMF model will be discussed briefly.
Very generally, the Lorentz covariant nucleon self-energy in ANM can be written as [204–207]
J

J

J

Σ J (ρ, δ, k) = ΣS (ρ, δ, k) + γ 0 ΣV (ρ, δ, k) + γ⃗ · k0 ΣK (ρ, δ, k)
J
ΣS (

J
ΣV (

0 ,J

(71)
J
ΣK (

where
ρ, δ, k) is the scalar self-energy,
ρ, δ, k) ≡ −Σ (ρ, δ, k) and
ρ, δ, k) are, respectively, the time and space
component of the vector self-energy Σ µ,J (ρ, δ, k), and k0 = k/k is the momentum unit vector. The symmetry energy has
seven parts
kin
0,mom,K
0,mom,S
0,mom,V
1st,K
1st,S
1st,V
Esym (ρ ) = Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ )
0,mom,O
), Esym
(

(72)

1st,O
) and Esym
(

ρ
ρ
ρ ) (here O denotes K, S or V) represent, respectively, the contributions from the kinetic
part, the momentum dependence of the nucleon self-energies in SNM and the first-order symmetry self-energies. They can
be further expressed as
kin
where Esym
(

kin
Esym
(ρ ) =

kF k∗F (ρ )
6EF∗ (ρ )

,

(73)

⏐
kF k∗F (ρ ) ∂ ΣK0 (ρ, k) ⏐
0,mom,K
⏐ ,
Esym
(ρ ) =
⏐
6EF∗ (ρ )
∂k
kF

(74)

and
0,mom,S
Esym
(

ρ) =

kF M0∗ (ρ ) ∂ ΣS0 (ρ, k) ⏐
6EF∗ (ρ )

∂k
⏐
0
kF ∂ ΣV (ρ, k) ⏐
0,mom,V
⏐ ,
Esym
(ρ ) =
⏐
6
∂k

⏐
⏐ ,
⏐

(75)

kF

(76)

kF

1st,K
Esym
(ρ ) =

sym,1

1 k∗F (ρ )ΣK
2

E F (ρ )
∗

(ρ, kF )

,

(77)
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sym,1

1 M0∗ (ρ )ΣS

1st,S
Esym
(ρ ) =

2
1

1st,V
Esym
(ρ ) =

(ρ, kF )

EF (ρ )
∗

sym,1

ΣV

2

,

(78)

(ρ, kF ),

(79)

where k∗F (ρ ) = kF + ΣK0 (ρ, kF ) and M0∗ (ρ ) is the Dirac mass in symmetric matter, i.e., M0∗ (ρ ) = M + ΣS0 (ρ, kF ), EF∗ (ρ ) =
J
J
J
(k∗F 2 + M0∗2 )1/2 , ΣK0 (ρ, k) = ΣK (ρ, δ = 0, k), ΣS0 (ρ, k) = ΣS (ρ, δ = 0, k), ΣV0 (ρ, k) = ΣV (ρ, δ = 0, k), and the ith order
symmetry self-energy is defined as (here O = K,S,V)
sym,i
ΣO (

ρ, k) =

1 ∂i

⎡

i! ∂δ i

⎣

J
∑ τ Ji ΣO
(ρ, δ, k)
3

.

⎦

2

J =p,n

⎤
(80)

δ=0

Noticing that the nucleon Landau mass in SNM is M0∗,Lan (ρ, k) = k[dk/dE 0 (ρ, k)]−1 with E 0 (ρ, k) = E J (ρ, δ = 0, k) the single
nucleon energy in SNM, its expression at the Fermi momentum can be written as
M0∗,Lan (ρ ) = kF

k∗F

{

]
}−1
M ∗ ∂ ΣS0 (ρ, k)
∂ ΣK0 (ρ, k)
∂ ΣV0 (ρ, k)
+ ∗0
+
.
∂k
EF
∂k
∂k
kF

[
1+

EF∗

(81)

Then considering the first four terms of the decomposition of the symmetry energy, it can be directly shown that
kin
0,mom,K
0,mom,S
0,mom,V
k2F /6M0∗,Lan (ρ, kF ) = Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ ) + Esym
(ρ ). Finally, the symmetry energy in Eq. (72) can then be
rewritten as
Esym (ρ ) =

k2
6M0∗,Lan

⏐
⏐
⏐ + E 1st,K (ρ ) + E 1st,S (ρ ) + E 1st,V (ρ ).
sym
sym
sym
(ρ, k) ⏐

(82)

kF

Thus, at the mean-field level the symmetry energy can be decomposed analytically in terms of the Lorentz covariant nucleon
self-energies in asymmetric nuclear matter. This expression is general and reveals clearly the underlying physics determining
the density dependence of nuclear symmetry within relativistic approaches.
Because of the momentum dependence of the Landau mass itself besides the density dependence of all terms in Eq. (82),
the general and analytical expression for the slope parameter L(ρ ) has many more terms but all have clear physical meanings.
Specifically, L(ρ ) can be decomposed as [97]
L(ρ ) = Lkin (ρ ) + Lmom (ρ ) + L1st (ρ ) + Lcross (ρ ) + L2nd (ρ )

(83)

where
Lkin (ρ ) =
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(88)
sym,i

In the above, the density and momentum dependence of the three-types of self-energies have been denoted by ΣO
=
sym,i
ΣO (ρ, kF ) (O = K,S,V). While lengthy, it is clearly seen that the L(ρ ) involves the first-order and second-order derivatives
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Fig. 22. (Color Online). Decompositions of the symmetry energy Esym (ρ ) and its density-slope L(ρ ) in the nonlinear RMF model with different interactions.
Source: Taken from Ref. [97].

of self-energies with respect to momentum k, as well as their first-order and second-order derivatives with respect to isospin
sym,i
asymmetry δ through the ΣO (ρ, k) terms. Again, the above decompositions of the Esym (ρ ) and L(ρ ) are general. Different
models may have intrinsically different components for the two quantities. Thus, comparisons of these components may
help better understand the known model and interaction dependences of predictions.
In the RMF models, the general expression of the symmetry energy in Eq. (82) is reduced to
k2F

Esym (ρ ) =

1st,S
1st,V
+ Esym
(ρ ) + Esym
(ρ )

6M0∗,Lan (ρ, kF )

(89)

with M0∗,Lan = EF∗ = (k2F + M0 )1/2 and
∗,2
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(ρ ) = −

gδ2 M0 ρ
∗,2

∗,2

2EF Qδ

1st,V
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(ρ ) =

gρ2 ρ
2Qρ

.
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While the slope parameter is reduced to L(ρ ) = Lkin (ρ ) + L1st (ρ ) + L2nd (ρ ) with
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where Qσ = m2σ + 3gσ2 (ρS /M0∗ − ρ/EF∗ ) + 2bσ Mgσ3 σ + 3cσ gσ4 σ 2 , Qω = m2ω + 3cω gω4 ω20 , Qρ = m2ρ + ΛS gσ2 gρ2 σ 2 + ΛV gω2 gρ2 ω20 ,
Qδ = m2δ + 3gδ2 (ρS /M0∗ − ρ/EF∗ ), and

(
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2

2ρS
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∗,3

EF

)
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(94)

Among the relativistic approaches, the nonlinear σ -ω-ρ -δ relativistic mean field model has been widely used in the
literature. However, many of the predictions depend on the structure and parameters of the RMF model Lagrangians, e.g., the
FSUGold [208], IU-FSU [209], NLρδ [138] and HA [210]. The FSUGold and IU-FSU are two accurately calibrated interactions
based on the ground state properties of closed-shell nuclei, their linear response, and the structure of neutron stars. Since
sym,1
they do not consider the isovector–scalar δ meson field, the ΣS
(ρ ) is zero. On the other hand, both the NLρδ and HA
include the δ meson field. The parameters of these interactions have been fixed by fitting empirical properties of nuclear
matter, properties of some selected nuclei and/or some predictions of more microscopic many-body theories. Shown in
Fig. 22 are components of the Esym (ρ ) and L(ρ ) using the four RMF interactions, it is seen that while the kinetic contributions
to both the Esym (ρ ) and L(ρ ) are approximately identical using all interactions as one expects, the different interactions
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predict significantly different values for the interaction components and the results also depend strongly on whether the
isovector–scalar δ meson is included or not. In particular, compared with the FSUGold and IU-FSU, the HA predicts very
1st,S
1st,V
similar total Esym (ρ ) but significantly different Esym
(ρ ) and Esym
(ρ ). It is also interesting to note that the higher-order
contribution L2nd (ρ ) from the second-order symmetry self-energies, similar to the Usym,2 and L5 terms in the non-relativistic
decomposition of Esym (ρ ) and L(ρ ) in Eqs. (50) and (53), generally cannot be neglected. The lack of a clear systematics in
Fig. 22 signifies the need of better understanding the isovector features of nuclear interactions in the RMF models. In fact,
it was suggested that one may try to determine each component of the Esym (ρ ) and L(ρ ) from experiments (e.g., Dirac
phenomenology ) or microscopic calculations based on nucleon–nucleon interactions derived from scattering phase shifts.
We now turn to the neutron–proton effective mass splittings in relativistic approaches. The isospin splitting of the Landau
effective mass is given by

{
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kF

at leading order in isospin asymmetry δ . We note again here that M0∗,Lan is the Landau effective mass while the M0∗ denotes
the Dirac nucleon effective mass both in SNM.
In relativistic approaches neglecting the momentum dependence of self-energies, the above formula can be simplified to
(also neglecting the K-part)

[

2M0,Lan δ
∗,2

∗,Lan

mn-p

=−

∗,2

× kF M0 −

∗,3

3MkF EF

sym,1
(
3M0 kF ΣS

∗ ∗

∗,3

ρ, kF ) −

k F EF

]
.

M0∗,Lan

(96)

Similarly, one can obtain the isospin splitting for the Dirac mass as
∗,Dir

mn-p ≈

[

2δ

]
⏐
⏐ + Σ sym,1 (ρ, kF ) .
S
⏐

kF ∂ ΣS0 (ρ, k) ⏐

M

3

∂k

(97)

kF

It shows that besides the scalar–isovector meson (the second term), the momentum-dependent scalar–isoscalar interaction
(characterized by the first term) can also contribute to the Dirac neutron–proton effective mass splitting. Applying the
formulae (96) and (97) to the RMF models, one can immediately obtain
Lan
m∗,
=
n-p

2k2F δ

(

∗

3MEF

3gδ2 M0 ρ
∗,2

1−

)
∗,Dir
=−
, mn-p

k2F EF∗ Qδ

2gδ2 ρδ M0∗
EF∗ Qδ M

,

(98)

and consequently,
sL =

2k2F
3MEF∗

(
1+

3MM0∗ sD
2k2F

)

,

(99)
∗,Lan/Dir

where sL/D is the linear isospin splitting coefficient defined through mn-p
≈ sL/D δ . It is obvious that the Dirac splitting
coefficient sD in the RMF models is always negative, indicating that the Dirac effective mass of neutrons is smaller than that
of protons. On the other hand, the Landau splitting coefficient sL can take both positive and negative values, depending on
the model details.
The lack of momentum dependence in the RMF models will introduce a mismatch when the Schrödinger equivalent
potential USEP,J defined in Section 2.2 is used to recalculate the EOS. Specifically, when one calculates the kinetic symmetry
kin
energy based on the USEP,J constructed from the RMF models, one obtains Esym
(ρ ) = k2F /6M (since there is no momentum
2
∗
2
kin
dependence in the self-energies) instead of the Esym (ρ ) = kF /6M0,Lan = kF /6EF∗ as in the original RMF models. A similar
mismatch will also occur at higher orders in isospin asymmetry, e.g., in calculating the fourth-order symmetric energy
and the slope parameter L. In order to remedy these drawbacks, one can redefine an equivalent non-relativistic potential
perturbatively in the RMF models as
J

J

RMF
2
3
4
USEP
,J (ρ, δ ) = USEP,J (ρ, δ ) + ζ (ρ )τ3 δ + β (ρ )δ + χ (ρ )τ3 δ + O (δ )

(100)
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where

ζ (ρ ) = 2

(

k2F

−

6EF∗
∗,2

β (ρ ) =

k2F M0

∗,3

−

k2F
6M
k2F
∗

18EF

9EF

(

∗,4

χ (ρ ) = 4

k2F 4M0

)

,

−

(101)
k2F
18M

,

(102)

+ 11M0∗,2 k2F + 10k4F
∗,5

648

EF

−

1 k2F
162 M

)
.

(103)

RMF
Now the USEP
,J can correctly reproduce both the kinetic and fourth-order symmetry energy as well as the L(ρ ) in the original
RMF models. For example, using the non-relativistic decomposition of L(ρ ) only with the USEP one obtains

L(ρ ) =

k2F
3M

3

+ Usym (ρ ) + 3Usym,2 (ρ ).

(104)

2

Its kinetic part (the first term) is not the same as Lkin (ρ ) = k2F /6EF∗ + k2F M0 /6EF for RMF models as in Eq. (91). With the
∗,3
RMF
2
∗
2 ∗,2
2
kin
USEP
,J , however, the L (ρ ) also gains two extra parts 3ζ /2 + 3β = kF /6EF + kF M0 /6EF − kF /3M. Combining the latter
2
kin
with kF /3M in Eq. (104) exactly gives the L (ρ ) in the RMF models. The kinetic and fourth-order symmetry energies thus
RMF
obtained using the USEP
,J (ρ, δ ) are also the same as in the original RMF models.
In summary of this section, the HVH theorem reveals directly and analytically the relations among the effective masses,
their own momentum dependences, symmetry potentials and symmetry energies order by order in isospin-asymmetry in
both non-relativistic and relativistic frameworks. These relations are independent of the models. Their applications help us
better understand the physical origin of the symmetry energies, neutron–proton effective mass splitting in neutron-rich
matter and their uncertainties in a model independent way.
∗,2

∗,3

7. Nucleon E-mass, its mean free path and short-range correlations (SRC) in neutron-rich matter
In this section, we review effects of the nucleon–nucleon short range correlations (SRC) on the isospin dependence of
nucleon E-mass and mean free path (MFP) as well as the symmetry energy in neutron-rich matter. After briefly recalling the
J
Migdal–Luttinger theorem connecting the E-mass with the discontinuity of single-nucleon momentum distribution nk at
J
the Fermi momentum, we discuss a phenomenological nk encapsulating the SRC-induced high momentum tail (HMT) with
its major features constrained theoretically and/or experimentally. As an example of direct consequences of the isospin
J
dependence of the HMT in the nk , the enhancement (reduction) of the kinetic EOS of SNM (kinetic symmetry energy) will
then be discussed. The extracted constraints on the nucleon E-mass and its isospin dependence in ANM will be presented
in Section 7.7. Finally, implications of the experimentally constrained SRC and E-mass on the critical proton fraction for the
direct URCA process to occur in protoneutron stars and the isospin dependence of nucleon MFP in neutron-rich matter will
be discussed.
7.1. Migdal–Luttinger theorem connecting the E-mass with single-nucleon momentum distributions in nuclear matter
As discussed in Section 2, an independent determination of either the E-mass or k-mass together with the total effective
mass will then allow us to know all three kinds of non-relativistic nucleon effective masses. Interestingly, the Migdal–
Luttinger theorem [7,9] connects the nucleon E-mass directly with the jump (discontinuity)
J

J

J

J

J

ZF ≡ nk (kF−0 ) − nk (kF+0 ),

(105)
J

J

of the single-nucleon momentum distribution nk at the Fermi momentum kF via [105]
∗,E

MJ

/M = 1/ZFJ ,

(106)
J

see the left part of Fig. 23. The Migdal–Luttinger jump ZF also called the ‘‘renormalization (strength) function’’, contains rich
information about the nucleon effective E-mass and its non-trivial isospin dependence [2,3]. The nuclear physics community
has devoted much efforts to probing the depletion of the nucleon Fermi sphere by using transfer, pickup and (e,e′ p) reactions.
J
J
Results of these studies normally given in terms of the nucleon spectroscopic factors can constrain the nk (kF−0 ) from below
the Fermi surface [2–4,211,212]. As illustrated in the plot of spectroscopic factors versus the target mass in the right
window of Fig. 23, it is well known that mean field theories over-predict the spectroscopic factor by about 20–40% due
to the lack of correlations in the theories. On the other hand, quantitative information about the size, shape and isospin
dependence of the high-momentum tail (HMT) above the Fermi surface has been extracted recently from analyzing both
inclusive and exclusive electron–nucleus scattering cross sections [213–220], nucleon–nucleus reactions [221,222] as well
J
J
as medium-energy photonuclear absorptions [223], providing a constraint on the nk (kF+0 ) from above the Fermi surface.
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Fig. 23. Left: A sketch of single-nucleon momentum distribution function in ANM. Taken from Ref. [105]. Right: Spectroscopic factor as a function of target
mass. Taken from Ref. [211].

Fig. 24. The nucleon momentum distribution in 2 H, 4 He, 16 O and that in infinite isospin-symmetric nuclear matter.
Source: Taken from Ref. [227].

These experimental results together with model analyses provide a significant empirical constraint on the Migdal–Luttinger
jump, thus the E-mass in neutron-rich matter.
J
Next, we discuss in more detail the single-nucleon momentum distribution function nk having a depletion (HMT) under
J
(above) the Fermi momentum kF in ANM. It is well known that nuclear interactions, in particular the nucleon–nucleon
short-range repulsive core (correlations) and tensor force, usually lead to a high (low) momentum tail (depletion) in the
single-nucleon momentum distribution above (below) the nucleon Fermi surface [7,224–226]. During the last two decades,
significant progresses both theoretically and experimentally have been made continuously in quantifying, for instance,
the nucleon HMT in ANM [213,214,216–220,222,223]. For example, shown in Fig. 24 are calculated nucleon momentum
distributions in 2 H, 4 He, 16 O and SNM [227]. Here, the n0k (the superscript ‘‘0’’ is for SNM) for 2 H, 4 He, 16 O were obtained with
the Argonne v (ij) and model VII V (ijk), and those for SNM [228] were obtained with the Urbana v (ij) with density-dependent
terms mimicking the effects of V (ijk). One of the most important features of these momentum distribution functions is the
universal scaling of the HMT in all systems considered, indicating the shared short-range nature of the HMT.
Guided by state-of-the-art recent microscopic calculations and some well-known earlier predictions from other nuclear
many-body theories, see, e.g., Refs. [99,100] for a historical review, as well as recent experimental findings [213,214,223],
the single-nucleon momentum distribution in ANM has often been parameterized by, e.g. Ref. [229],

J

nk (ρ, δ ) ≡ nJ (ρ, |k|, δ ) =

( )
⎧
⎪
|k|
⎪
⎪
,
∆J + βJ I
⎪
J
⎪
⎪
kF
⎨

0 < |k| < kF ,

( )4
⎪
⎪
J
⎪
⎪
kF
⎪
⎪
⎩CJ |k| ,

kF < |k| < φJ kF .

J

(107)
J

J
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Here, the ∆J is the depletion of the Fermi sphere at zero momentum with respect to the free Fermi gas (FFG) model prediction
J
while the βJ characterizes the strength of the momentum dependence I(|k|/kF ) [10–12] of the depletion near (and at) the
nucleon Fermi surface. The constraints on the function I(x) will be discussed later.
Before going any further, it is necessary to address a possible drawback of the parametrization in Eq. (107). To our
best knowledge, the original derivations [7,9] of the Migdal–Luttinger theorem do not explicitly require the derivative
J
J
of the momentum distribution [∂ nk /∂|k|]|k|=kJ ±0 at the Fermi momentum kF to be −∞. Of course, one can associate
F

J

J

mathematically loosely the finite drop in nk over zero increase in momentum at kF to a slope of −∞. Some later derivations
using various approximation schemes, such as the ‘‘derivative expansion’’ in which the momentum distribution is expressed
in terms of energy derivatives of the mass operator by Mahaux and Saror [230], have shown that the slope of the momentum
J
distribution should have the asymptotic behavior of [∂ nk /∂|k|]|k|=kJ ±0 = −∞. Similar to many other calculations including
F

some examples given in Refs. [3,230], the parametrization of Eq. (107) does not have such behavior from neither side of the
J
J
discontinuity. However, similar to what has been done in Ref. [231], in parameterizing the nk both above and below the kF
J
one can add a term that is vanishingly small in magnitude but asymptotically singular in slope at kF . For example, the form
J
of the HMT of the single-nucleon momentum distribution, i.e., CJ (kF /|k|)4 , is physical verified by microscopic calculations
J
and experiments. While generally, one can always write nk as
J

(

J

J

nk (ρ, δ ) = δ nk (ρ, δ ) + CJ kF /|k|

)4

(108)

J

above the Fermi surface, where δ nk (ρ, δ ) is a correction which has the following properties,

⏐
⏐

J

⏐
⏐

J

(

)4

J

lim δ nk (ρ, δ ) = 0, ⏐δ nk (ρ, δ )⏐ ≪ CJ kF /|k|
J

.

(109)

|k|→kF

These two properties guarantees that the correction is small, namely,

(
J

nk (ρ, δ ) = CJ

⎤
)4 ⎡
( )4
( )4
J
kF
1 |k|
J
⎦
· ⎣1 +
.
δ
n
(
ρ,
δ
)
≈
C
J
k
|k|
CJ kJ
|k|
F
J

kF

(110)

J

Thus, it is difficult to probe the correction δ nk experimentally. For all physical quantities explored at the Fermi surface directly
J
J
related to the nk instead of any form of its derivatives/integrations, the correction δ nk has no effects. The E-mass proportional
to the jump of the momentum distribution at the Fermi surface is just one such quantity. But the integrations/derivatives of
δ nJk can probably have singularities at |k| = kJF . For instance, the following correction has such property [231]

δ

|k| − kJF
ρ, δ ) = ζJ ·
ln
ΛJ

(

J
nk (

|k| − kJF
ΛJ

)
(111)

where 0 < ζJ ≪ 1 and ΛJ is a positive constant independent of momentum. In this case, one can show that

∂ nJk (ρ, δ )
ζJ
=
∂|k|
ΛJ

[

(

1 + ln

|k| − kJF
ΛJ

)]
−

4CJ

(

|k|

J

kF

)4
,

|k|

lim

J

|k|→(kF )+

∂ nJk (ρ, δ )
= −∞, (kJF )+ ≡ kJF + 0+ .
∂|k|

(112)

Of course, in this more general form, one then has to determine totally 4 additional parameters (ζJ and ΛJ for neutrons and
protons above and below their respective Fermi momenta) and readjust the other parameters already used in Eq. (107). This
has the potential of reducing the uncertainties of the quantities one extract but requires more experimental information that
J
J
is currently very limited. While keeping in mind that the description about the discontinuity of nk at kF in Eq. (107) certainly
should be investigated further and possibly improved in the future, some of the following discussions are based on analyses
using the parametrization of Eq. (107).
The contact CJ and cutoff coefficient φJ determine the fraction of nucleons in the HMT through the following relation
xHMT
J

J

φJ kF

∫
=

J

J

/∫

φJ kF

J
nk dk

(

J

nk dk = 3CJ

kF

1−

0

1

)

φJ

.

(113)

The normalization condition

∫

2
(2π

)3

J

∞
J

nk (ρ, δ )dk = ρJ =

0

(kF )3

(114)

3π 2

requires that only three of the four parameters, i.e., βJ , CJ , φJ and ∆J , are independent. For example, one can choose the first
three as independent and then determine the ∆J from

∆J = 1 −

3βJ
J

(kF )3

J

(

kF

∫

I
0

k
J

kF

)
k2 dk − 3CJ

(
1−

1

φJ

)

.

(115)
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Fig. 25. (Left: Experimental a2 (A) for several typical nuclei, i.e., 3 He, 4 He, 9 Be, 12 C, 56 Fe(63 Cu) and 197 Au [216,218,234–236]. Right: the EMC-effect slope as
a function of the SRC factor a2 . Source: Taken from Ref. [218].

Hinted by findings within the SCGF [232] and BHF theory [233] that the depletion ∆J has an approximately linear dependence
on δ in the opposite directions for neutrons and protons, it was assumed that all of the four parameters in Eq. (107) can be
J
expanded in isospin asymmetry in the form of YJ = Y0 (1+Y1 δ ) [229]. It can be justified by considering the isospin dependence
of the resulting average kinetic energy per nucleon in ANM
E

kin

(ρ, δ ) =

1

2

ρ (2π )3

J

φJ kF

∑∫
J =n,p

0

k2
2M

J

nk (ρ, δ )dk.

(116)

Using the distribution in Eq. (107), the E kin (ρ, δ ) acquires a linear term in isospin asymmetry δ with a coefficient of

[
⏐
3 k2F 5
5
∂ E kin (ρ, δ ) ⏐⏐
p
p
=
C0 φ0 (φ1n + φ1 ) + C0 (φ0 − 1)(C1n + C1 )
ρ) ≡
⏐
∂δ
5 2M 2
2
δ=0
]
( )
p ∫
5β0 (β1n + β1 ) kF
1
k
p
4
n
+ ∆0 (∆1 + ∆1 ) +
I
k dk .
5

E1kin (

2

2kF

0

kF

(117)

To enforce the neutron–proton exchange symmetry of the EOS, by setting the E1kin (ρ ) to zero one naturally obtains ∆n1 =
−∆p1 , β1n = −β1p , C1n = −C1p and φ1n = −φ1p , namely, they all have the form of YJ = Y0 (1 + Y1J δ ). In the following subsection,
we will discuss how all of these parameters are determined using some experimental data and state-of-the-art microscopic
many-body theory calculations for pure neutron matter.
7.2. The size, shape and isospin dependence of the SRC-induced nucleon high-momentum tail
As illustrated in Fig. 24, the nucleon HMT approximately scales from deuteron to infinite nuclear matter according
to [228,240,241],
nAk = a2 (A)ndk ,
nAk

(118)

ndk

where
and
are the high-momentum parts of the nucleon momentum distribution for a nucleus of atomic number
A and deuterium, respectively. The factor a2 (A) is independent of the momentum and is the probability of finding a high
momentum neutron–proton pair in nucleus A relative to the deuterium [242]. It is extracted experimentally from the plateau
in the ratio of per nucleon inclusive (e, e′ ) cross sections for heavy nuclei with respect to deuteron for the Bjorken scaling
parameter xB between about 1.5 and 1.9 [101], i.e., a2 (A) = (σA /A)/(σd /2) [213]. Shown in the left window of Fig. 25 are
examples of the experimental a2 (A) for several typical nuclei, i.e., 3 He, 4 He, 9 Be, 12 C, 56 Fe(63 Cu) and 197 Au [216,218,234,235],
as well as a theoretical prediction [236]. When extrapolated to infinite nuclear matter, one then obtains the asymptotic value
of [243–246]
a2 (∞) ≈ 7 ± 1.

(119)

As pointed out in Ref. [104], the large uncertainties in the SRC ratios of Ref. [234] are mainly due to extrapolating data
from different experiments measured at different kinematics. The SRC ratios reported in Ref. [216] were used in the original
EMC-SRC correlation analysis of Ref. [218]. It is interesting to note that the observed linear correlation between the slope
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Fig. 26. Comparisons of the a2 (A) data with predictions using the SCGF theory by Rios et al. [237] (left) and an independent particle model (IPM) for nucleon
pairs by Ryckebusch et al. [103,238,239] (right). The symbols with error bars are the experimental data. The gray band (squares) are the calculations with
(without) corrections for the c.m. motion of the pairs.

of the EMC effects and the a2 factor [218] shown in the right window of Fig. 25 is still not completely understood and more
studies have been planned [247]. Shown in Fig. 26 are two examples of theoretical predictions in comparison with the a2 (A)
data [237–239]. In Ref. [237], the a2 was estimated as a2 = ⟨n0k /ndk ⟩|k|=400∼550 MeV , and an empirical formula for it was given,
i.e., a2 (ρ ) ≈ b1 ρ b2 with b1 ≈ 7 ∼ 10 and b2 ≈ 0.4 ∼ 0.5. After considering the fact that the saturation density in the
SCGF [237] is normally larger than the empirical one, at about ρ0SCGF ≈ 0.34 fm−3 , the extrapolation of the a2 (A) to infinite
SNM in SCGF at its own saturation density is found to be a2 (ρ0SCGF ) ≈ 5.2 ± 1.0, which under-predicts the data but is still
approximately consistent with Eq. (119). The (low) high momentum cutoff used in the SCGF, i.e., (400 MeV) 550 MeV, is
probably another factor for under-estimating the a2 since the momentum range for the two-body SRC pairs used in the data
analysis is about 300 MeV to 600 MeV [214]. On the other hand, in Refs. [103,238,239] using correlation operators within an
independent particle model (IPM) for nucleon pairs, the a2 factor was calculated as
a2 (A/d) =

2
A

Npn(S =1) (A, Z )

∫

dP12 F pn (P12 ),

(120)

PS

where Npn(S =1) (A, Z ) is the proportionality factor counting the number of correlated np pairs in the nucleus A. The integration
extends over those parts of the center of mass (c.m.) phase space (PS) included in the data and F pn is the c.m. distribution
of the correlated pairs. One of the main results of this approach is shown in the right window of Fig. 26. Their prediction
on the a2 (A) reproduces well the experimentally observed saturation of a2 for heavy nuclei. The above typical examples of
model calculations indicate that while the underlying physics of the SRC is qualitatively understood, its size and isospin
dependence are not quantitatively well reproduced by some of the most advanced nuclear many-body theories available in
this field.
It is well known that to reproduce the experimentally measured electrical quadrupole moment of deuteron and the spin
correlation parameter of electron scattering on polarized deuteron about 4 − 5% of tensor-force induced S–D wave mixing
is required [242,249]. Combining this information with the extrapolated a2 (∞) value in Eq. (119), it was estimated that the
HMT fraction in infinite SNM is xHMT
SNM ≈ 28% ± 4% [104,214,216–219,222,246]. As pointed out in Ref. [248] that about 80% of
the nucleons in the 12 C nucleus acted independently or as described within the shell model. Whereas among the remaining
20% correlated nucleons, 90 ± 10% of them were found in the form of pn SRC pairs and only 5 ± 1.5% were in the form of
pp SRC pairs. These findings indicate that the np pairs outnumber pp pairs by a factor of about 20 [216,248] as illustrated
in Fig. 27. This result was confirmed in more experiments with heavier targets from C to 208 Pb [214], see the right window
of Fig. 27. By isospin symmetry, they inferred that there existed about 5 ± 1.5% SRC nn pairs, leading to a HMT fraction in
PNM to be about xHMT
PNM ≈ 1.5% ± 0.5% [213,214,216–219,222,246]. The observed dominance of pn over pp SRC pairs is a
clear consequence of the nucleon–nucleon tensor correlation. Based on the neutron–proton dominance picture of the tensor
force induced SRC, there are as many protons as neutrons in the HMT. Thus, one expects that the fraction of protons in the
HMT with respect to the total proton number is greater than that of neutrons in neutron-rich matter [214,236]. The isospin
J
dependence of xHMT
is shown in Fig. 28 as the blue (red) band for neutrons (protons) using parameters describing the nk (ρ, δ )
J
of Eq. (107) given in Ref. [229]. Also shown are the high momentum nucleon fractions in several typical finite nuclei based
on the analyses of Sargsian et al. in Refs. [216,236] where it is estimated from
xHMT
(A, y) ≈
J

1
2xJ

a2 (A, y)

∫

∞

ndk dk

(121)

kF

with a2 (A, y) given by the estimates in Refs. [216,236,244], xp = Z /A, xn = N /A and y = |xp − xn |. As it follows from Fig. 28,
with the increase of the isospin asymmetry the imbalance between the high momentum fractions of protons and neutrons
grows. For example, in 208 Pb, the relative fraction of high momentum protons is about 55% more than that of neutrons.
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Fig. 27. Left: The average fraction of nucleons in the various initial-state configurations of 12 C. Taken from Ref. [248]. Right: The extracted fractions of np
(top) and pp (bottom) SRC pairs from the sum of pp and np pairs in the four nuclei indicated. Taken from Ref. [214].

Fig. 28. Fractions of high momentum neutrons (blue) and protons (red) as a function of isospin asymmetry δ in ANM at saturation density as evaluated from
Eq. (113) in comparison with those for finite nuclei extracted from analyzing the SRC data within the neutron–proton dominance model. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Interestingly, the 1/|k|4 shape of the nucleon HMT is a general property shared by several quantum many-body
systems [250,251]. In fact, the existence of the HMT especially in SNM is widely supported by recent theoretical and/or
J
experimental studies. Physically, the parameter C in the expression of nk (ρ, δ ) measures the probability of finding correlated
pairs in HMT of the system considered. Indeed, the HMT for deuterons from variational many body (VMB) calculations
using several modern nuclear forces decrease as |k|−4 within about 10% in quantitative agreement with that from analyzing
the d(e, e′ p) cross section in directions where the final state interaction suffered by the knocked-out proton is effectively
small [213]. The extracted magnitude CSNM = C0 of the HMT in SNM at ρ0 is C0 = Rd a2 (∞)kF ρ/k4F , where the Rd is a factor
introduced through nA|k|/k (k/kF )4 = Rd a2 (A), see Fig. 29 [213] where VMB predictions for the HMT using several interactions
F
are also shown. Here the Rd is extracted from the deuteron momentum distribution and it characterizes the plateau of the
HMT as shown in Fig. 29. At even higher momenta, the momentum distribution drops much more rapidly. Interestingly,
the experimentally measured d(e,e’p) cross sections (blue dots with error bars) in the region of 1.3kF ≲ |k| ≲ 2.5kF
also appears to scale as |k|−4 . Using results from these theoretical and experimental investigations, it was found that
C0 ≈ 0.15 ± 0.03 [213] (properly rescaled considering the factor of 2 difference in the adopted normalizations of nk here
and that in Refs. [213,246]).1 The lower window of Fig. 29 [213] is an example of the well-known 1/|k|4 type HMT of the
momentum distributions of cold atoms in two-spin states with a short-range interaction between the different spin-states,
see e.g., Refs. [252–255] and more discussions in Section 7.4.
Rather remarkably, a recent evaluation of medium-energy photonuclear absorption cross sections has also presented
independent and clear evidence for the C /|k|4 behavior of the HMT. Moreover, a relation between the contact C0 and the
Levinger constant was established, i.e, C0 = ρπ L/at k4F = 2L/3π kF at , here L is the Levinger constant and at is the scattering
length for the 3 S1 channel. Using the value 1/kF at ≈ 0.15 and the experimental value for L ≈ 5.50±0.21 [223], a value of C0 ≈
0.172 ± 0.007 [223] for SNM at ρ0 was extracted [229]. It is in very good agreement with that found in Ref. [213]. Combining
1 In Refs. [213,246], the momentum distribution is normalized as [2/(2π )3 ]
which the corresponding relation reads [4/(2π ) ]
3

∫∞
0

n0k dk

= ρ for SNM.

∫∞
0

n0k dk = ρ , differs by a factor 2 from the definition of Eq. (114), from

B.-A. Li et al. / Progress in Particle and Nuclear Physics 99 (2018) 29–119

Fig. 29. The scaled momentum distribution, k′4 nk′ where k′ = |k|/kF for (a) deuteron and (b) ultra-cold
short-range interaction. Source: Taken from Ref. [213].
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K atomic systems in two-spin states with a

the above two independent studies on the C0 , an average value of C0 ≈ 0.161 ± 0.015 was used in Refs. [105,229]. With this
HMT
−1
C0 and the value of xHMT
≈ 2.38 ± 0.56 well
SNM given earlier, the HMT cutoff parameter in SNM is then φ0 = (1 − xSNM /3C0 )
within the range of the SRC pairs, i.e., from about 300 MeV to 600 MeV, indicated by the SRC experiments.
7.3. The EOS and single-neutron momentum distribution in pure neutron matter (PNM)
To fix all isospin-dependent parameters in Eq. (107), as boundary conditions one also needs information about the EOS
and single-neutron momentum distribution in PNM. Some of the information can be obtained from the state-of-the-art
microscopic many-body calculations at sub-saturation densities. Since the neutron–neutron s-wave scattering length in
PNM is unnaturally large, i.e., ann (1 S0 ) ≈ −18.8 fm, it is generally accepted that the PNM is closer to the unitary limit at low
densities [260]. It has been shown that the EOS of PNM can be expressed as [262]
EPNM (ρ ) ≈

)2
3 (kPNM
F
5

2M

[

ξ−

ζ
kPNM
ann
F

−

5ν
3(kPNM
ann )2
F

]
(122)

where kPNM
= 21/3 kF is the Fermi momentum in PNM, ξ is the Bertsch parameter [263], ζ ≈ ν ≈ 1 are two universal
F
constants [264]. Shown in Fig. 30 are the Bertsch parameter ξ from both experimental and theoretical studies over the last
20 years [265–267]. They include predictions from the mean field theory (MFT) [268], linked cluster expansion method [262],
Galitskii approximation [269], variational method [270], self-consistent method [271], lattice Monte Carlo simulation [272],
effective field theory based on ϵ -expansion at next-leading-order (NLO) [273–276] as well as at next-next-leading-order
(N2 LO) [277], large-N approach [278] and quantum Monte Carlo simulation [279–282]. While historically the Bertsch
parameter ξ has scattered around ξ ≈ 0.4 ± 0.1 as illustrated in Fig. 30, it has converged to around ξ = 0.376 ± 0.005 over
the last 5 years. Currently, the best estimate from the lattice Monte Carlo studies is ξ = 0.372(5) consistent with the most
accurate experimental value of ξ = 0.376(4). Shown in the left window of Fig. 31 is a comparison of the EOS of PNM obtained
from Eq. (122) (dashed red band with ξ ≈ 0.4 ± 0.1) with several state-of-the-art calculations using modern microscopic
many-body theories. At densities less than about 0.01 fm−3 , as shown in the inset, the Eq. (122) is found to be fairly consistent
with the prediction by the effective field theory [260]. In the range of 0.01 fm−3 to about 0.02 fm−3 , it has some deviations
from predictions in Ref. [260] but agrees very well with the NLO lattice simulations [256]. At higher densities up to about ρ0 ,
it overlaps largely with predictions by the chiral perturbation theories (ChPT) [257] and the quantum Monte Carlo (QMC)
simulations [258,259]. In addition, recent studies on the spin-polarized neutron matter within the chiral effective field theory
including two-, three-, and four-neutron interactions show that the properties of PNM is very similar to the unitary Fermi
gas at least up to about ρ0 , which is far beyond the scattering-length regime of ρ ≲ ρ0 /100 [261], see the right window of
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Fig. 30. Status of the constraints on the Bertsch parameter ξ from both experimental and theoretical studies. See the text for details.

Fig. 31. Left: EOS of PNM obtained from Eq. (122) (dashed red band) and that from next-leading-order (NLO) lattice calculation [256] (blue solid points),
chiral perturbative theories [257] (green band), quantum Monte Carlo simulations (QMC) [258,259] (magenta band and purple stars), and effective field
theory [260]. Taken from Ref. [229]. Right: Energy per particle of spin-polarized neutron matter as a function of density. The solid (orange) line is the energy
of a FFG. Taken from Ref. [261].

Fig. 31. Overall, these comparisons and studies clearly justify the use of Eq. (122) to calculate the EOS of PNM up to about the
saturation density. In fact, the EOS of PNM obtained through Eq. (122) near the unitary limit was recently used to constrain
several quantities characterizing the EOS of neutron-rich matter [188,283] and properties of neutron stars [188].
The HMT of single-particle momentum distributions and the EOS of a many-body system can be experimentally measured
independently and calculated simultaneously within the same model. Interestingly, Tan has proven an adiabatic sweep
theorem directly relating the contact parameter C with the EOS [284]. It is valid for any two-component Fermi systems
under the same conditions as the Eq. (122) near the unitary limit. Moreover, it was accurately verified in several experiments
using ultra-cold atomic gases. For instance, shown in Fig. 32 are the values obtained by the adiabatic sweep theorem,
i.e., −2π dE /d(1/kF a) (solid circle) in comparison with the experimentally measured contacts (hollow circle) in the ultra-cold
40
K system. Here the relation connecting the energy and the contact C of the 40 K system is given by [252]
E − 2V = T + I − V = −C /4π kF a

(123)

where C is the contact (C ↔ 3π
for the PNM case) and I is the interaction energy [284]. It is obvious that the
independent measurements of the left hand side and the right hand side of Eq. (123) agree to within the error bars. It is also
interesting to note that the measured energy difference T + I − V is so small (in units of Fermi energy) that even a Fermi gas
with a strongly attractive contact interaction nearly obeys the noninteracting virial equation, i.e., E −2V = T +I −V ≈ 0 [252].
2

CnPNM
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Fig. 32. Testing of the adiabatic sweep theorem in ultra-cold atomic gases (left) and the generalized virial theorem (right). The solid circle in the left panel
is for the value −2π dE /d(1/kF a) and the harrow circle for the one by measuring the contact experimentally. Source: Taken from Ref. [252].

For PNM, the adiabatic sweep theorem states
CnPNM · (kPNM
)4 = −4π M · d(ρ EPNM )/d(a−1 ).
F

(124)

While the results shown in Fig. 31 justify the use of Eq. (122) for the EOS of PNM up to about ρ0 , there is currently no proof
that the Eq. (124) is valid in the same density range as the EOS of Eq. (122). Thus, it would be very interesting to examine
the validity range of Eq. (124) using the same models as those used to calculate the EOS. Assuming the Eqs. (122) and (124)
are both valid in the same density range, the strength of the HMT in PNM can be consequently obtained as
CnPNM ≈ 2ζ /5π + 4ν/(3π kPNM
ann (1 S0 )) ≈ 0.12.
F

(125)

After obtaining the contact CnPNM in PNM and using the relation CnPNM = C0 (1 + C1 ), a value of C1 ≈ −0.25 ± 0.07 is obtained.
PNM
Similarly, by inserting the xHMT
found earlier into xPNM
, the high momentum cutoff parameter for PNM is found
n
PNM and Cn
HMT
PNM
to be about φn
≡ φ0 (1 + φ1 ) = (1 − xPNM /3CnPNM )−1 ≈ 1.04 ± 0.02. It is easy to understand that the φnPNM is very close
to unity, since the high momentum neutron fraction in PNM is only about 1.5%. Finally, inserting the φ0 obtained earlier,
φ1 ≈ −0.56 ± 0.10 is found. The two parameters β0 and β1 in βJ = β0 (1 + β1 τ3J δ ) depend on the function I(|k|/kJF ) which is
model dependent [229], and the effects of β0 and β1 on the kinetic EOS will be explored more in later subsections.
To this end, some comments about the uncertainty of the HMT fractions especially in PNM should be given. As illustrated
in Fig. 26, although different many-body theories have consistently predicted the effects of the SRC on the HMT qualitatively
consistent with the experimental findings, the predicted size of the HMT still depends on the model and interaction used.
For example, the SCGF theory with the Av18 interaction predicts a 11–13% HMT for SNM at saturation density ρ0 [232,237].
While the latest BHF calculations predict a HMT ranging from about 10% using the N3 LO450 to over 20% using the Av18, Paris
or Nij93 interactions [286], the latest variational Monte Carlo (VMC) calculations for 12 C gives a 21% HMT in SNM [287,288].
On the other hand, very little information about the isospin dependence of the HMT has been extracted directly from
experiments so far. As we discussed earlier, the SRC between a neutron–proton pair is about 18–20 times that of two
protons [214,248], the HMT in PNM was then estimated to be about 1–2% [246]. However, some recent calculations such
as the SCGF indicates a significantly higher HMT in PNM of approximately 4–5% [232,237]. This uncertainty about the size
of HMT in PNM affects some quantitative results of model calculations. Hopefully, more calculations of the HMT in PNM
can be done soon also with those models and interactions used to calculate the EOS of PNM. More precise knowledge about
the HMT in PNM is important. For example, similar to the parameter set described above (abbreviated as the HMT-exp), the
HMT
HMT-SCGF parameter set contains the following values, i.e., xHMT
SNM = 12%, xPNM = 4%, φ0 = 1.49, φ1 = −0.25, C0 = 0.121 and
C1 = −0.01 [285]. The resulting neutron fractions in the HMT versus δ at ρ0 using the two parameter sets are compared in the
right panel of Fig. 33. The reduced nucleon momentum distributions (normalized to unity at zero momentum) with δ = 0.21
and 0.5 for both cases are shown in the left panel. Clearly, relative to the center in momentum-space, nucleonic matter has a
distinct proton-skin in momentum-space and its thickness grows with the isospin asymmetry δ at a rate depending on the
sizes of the HMT parameters adopted [285]. The neutron-skins in coordinate-space and proton-skins in momentum-space
coexist in heavy nuclei and their correlation is governed by Liouville’s theorem and Heisenberg’s uncertainty principle [285].
A careful study of both skins simultaneously may help better constrain the underlying isovector interaction. In the following
discussions, we will use the HMT-exp parameter set unless specified otherwise.
7.4. Exploring the similar shapes of the high-momentum tails in nuclei and cold atoms
As shown already in Fig. 29, the 1/|k|4 shape of the HMT for nucleons is almost identical to that in two-component
(spin-up and -down) cold atomic Fermi gases. For the latter, it was first predicted by Tan [284] and then quickly verified
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Fig. 33. Reduced nucleon momentum distribution of neutron-rich nucleonic matter with an isospin asymmetry of δ = 0.21 (left) and 0.50 (middle), and
the fraction of neutrons in the HMT as a function of δ using the HMT-exp and HMT-SCGF parameter set (right). Source: Taken from Ref. [285].

experimentally mainly using the 6 Li and 40 K systems [252,253]. It is necessary to recall that Tan’s general prediction is for all
two-component Fermion systems having a contact interaction with a s-wave scattering length a much larger than the interparticle distance d ∼ ρ −1/3 which meanwhile has to be much longer than the effective interaction range reff , i.e., reff ≪ d ≪ a.
At the unitary limit, i.e., kF a → ±∞, Tan’s prediction is universal for all Fermion systems. Since the HMT in nuclei and SNM
is known to be dominated by the tensor force induced neutron–proton pairs with a ≈ 5.4 fm and d ≈ 1.8 fm at ρ0 , as noted
in Refs. [213,223], Tan’s stringent conditions for unitary Fermions is obviously not well satisfied in normal nuclei and SNM.
Thus the observed almost-identical 1/|k|4 behavior of the HMT in nuclei and cold atomic Fermi gases may have some deeper
physical meanings deserving further investigations both theoretically and experimentally [213].
The |k|−4 behavior in nuclei can be understood as arising from the importance of the one-pion-exchange (OPE)
contribution to the tensor potential VT , starting from the second order [213,215]. Based on the Schrödinger equation for
the spin-1 two-nucleon system involving S- and D-state components, one can obtain an effective S-state potential as
V00 = VT (−B − H0 )−1 VT , where VT connects the S and D states and B is the binding energy of the system. The intermediate
Hamiltonian H0 dominated by the effects of the centrifugal barrier can be approximated by the kinetic energy operator [213].
Then evaluating the S-state potential, and neglecting the small effects of the central potential in the intermediate D state,
one obtains [213]
V00 (|k|, |k′ |) = −

16M 4 f
m4π π 4

∫

p2 pdp
MB + p2

I02 (|k|, p)I20 (p, |k′ |)

(126)

where M is the nucleon static mass, f 2 ≈ 0.08 is the coupling constant, mπ is the pion mass, and ILL′ ’s are Fourier
transformations of the OPE tensor potential. At large momenta, one then has limp→∞ I02 (p, |k|) ≈ 1 − (|k|2 + m2π )/p2 + · · · .
Thus, the integrand of V00 (|k|, |k′ |) is dominated by large values of the momentum p and diverges unless there is a high
momentum cutoff. This means that the V00 (|k|, |k′ |) is approximately a constant independent of |k| and |k′ |. As pointed out
in Refs. [213,215], this is just the signature of a short-range correlation. It is actually the necessary and sufficient condition
to obtain an asymptotic two-nucleon wave function scaling as |k|−2 and consequently a momentum probability density
proportional to |k|−4 .
At large momenta, the static structure factor of the ultra-cold atomic gases is given by S↑↓ = (I /NkF )(kF /4|k|), which
can be quantitatively measured by using the Bragg spectroscopy [253,289]. Here the I /NkF is the dimensionless contact
(equivalent to 3π 2 CnPNM studied in nuclei). In the left window of Fig. 34, the temperature dependence of the contact is shown
for the cold 6 Li gas. It is seen that an extrapolation to zero temperature gives approximately I /NkF ≈ 3.11 ± 0.23 (or
equivalently CnPNM ≈ 0.11 ± 0.01) [289]. Similar experiments studied in Ref. [290] gives I /NkHO
≈ 3.15 ± 0.09 at zero
F
temperature. In Ref. [290], the Bertsch parameter ξ was also studied and a value about 0.3899 was obtained (inset of the
right window in Fig. 34), which is slightly larger than the measurement [267]. Moreover, a recent calculation based on the
QMC algorithm also confirmed the 1/|k|4 behavior (left window of Fig. 35) and found that the dimensionless contact of the
unitary Fermi gas is about 2.95 ± 0.01 [291], see Fig. 35 (right) for the temperature dependence of the contact. All of the
above experimental and theoretical studies on the contact of the unitary Fermi gas point to a value of CnPNM = 0.12 consistent
with the one from applying Tan’s formula in Eq. (125).
As it was discussed by Hen et al. in Ref. [213], although the density of the ANM and that of the ultra-cold Fermi gas
differs by about 25 orders of magnitude, the contact describing the probability of finding particle pairs is very similar as
shown in Fig. 36 (also see the lower panel of Fig. 29 and the left panel of Fig. 35). ∑
The two body correlation function in a
†
†
∗ ′
two-component Fermi gas has the general structure of ⟨ψ1 (r′ )ψ2 (0)ψ2 (0)ψ1 (r)⟩ =
i γi φi (r)φi (r ) [292], i.e., it regards the
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Fig. 34. Left: Measurements of the temperature dependence of the contact in a unitary Fermi gas (6 Li) using Bragg spectroscopy techniques. Taken from
Ref. [289]. Right: Measurement of the contact in a strongly interacting trapped gas of 6 Li by an equal mixture of the states |f = 1/2, mf = ±1/2⟩. Taken
from Ref. [290].

Fig. 35. Reduced momentum distribution for the unitary Fermi gas (left) and the temperature dependence of the contact (right) obtained by QMC.
Source: Taken from Ref. [291].

correlation function as a Hermitian operator in r and r′ . For r ≪ d, the inter-particle distance, the functions φi , essentially
s-wave Jastrow factors in the many-body wave function at short inter-particle distance are determined by two-body physics.
They have the form of sin[kr + δ0 (k)]/r, where δ0 (k) is the s-wave phase shift and k is the wave vector of the scattering wave.
The s-wave scattering amplitude f0 (k) = [−k cot δ0 (k) + ik]−1 is independent of the scattering angle. In the limit k → 0, it
tends to a constant value, i.e., f0 (k → 0) = −a, where a is the s-wave scattering length, playing a crucial role in the scattering
processes at low energies [250]. After including terms to order k2 in the perturbative expansion of the phase shift δ0 (k) at
small momenta k, the scattering amplitude takes the form of
f0 (k) = −

1

(127)

a−1 − k2 reff /2 + ik

where reff is the effective range of the interaction. Now in the limit a → ∞, i.e., the unitary limit, the above scattering
−1
amplitude with wave vectors k ≪ reff
obeys the universal law f0 (k) = i/k, independent of the interaction. Under these
conditions, the wave function sin(kr + δ0 )/r ≈ sin δ0 χ (r)/r, where χ (r) = 1 − r /a, and thus

⟨ψ1† (r′ )ψ2† (0)ψ2 (0)ψ1 (r)⟩ = C

(

χ (r)
r

)2

(
=C

1
r

−

1
a

)2

,

(128)
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Fig. 36. Comparison of contacts of atomic nuclei and ultra-cold Fermi gas.
Source: Taken from Ref. [213].

where C is the contact parameter. At the unitary limit, the Fourier transformation of the above correlation gives a term

∼ |k|−4 for the high-momentum part of the momentum distribution. Furthermore, the |k|−4 form of the HMT was also found
recently in a Bose system both theoretically [293–295] and experimentally [296,297], indicating again the very generality
of the HMT shared by some quantum many-body systems.
While it is exciting that the similar |k|−4 shapes of the HMT are found in both nuclei and cold atoms near the unitary
limit, we notice that the evidences for the nuclear case are mostly based on theoretical models. There are only few indirect
experimental indications so far unlike the case for cold atoms. As we mentioned earlier, there is clearly a need to further
investigate the shape of the HMT in nuclei and nuclear matter both theoretically and experimentally. For this purpose, we
make a few more observations and comments in the following. In fact, the study on the shape and range of the HMT for
Fermions at k > kF has a long history, see e.g., Refs. [7–12]. However, these earlier studies are mostly done for SNM only. The
HMT of n(k) is often obtained by expanding quantities of interest in a dilute gas of hard spheres in terms of the kF · a where a
is the scattering length or hard-core radius. The asymptotic behavior of the momentum distribution n(k) is generally related
to the Fourier transform ṼNN (k) of the nucleon–nucleon (NN) force via [299–302] n(k) −
−−→ [ṼNN (k)/k2 ]2 . However, it is
k→∞

still unclear if k or k/A where A is the mass number must be large for this asymptotic behavior to be valid [299]. Moreover,
the spin–isospin dependence of the short-range interaction and the resulting isospin dependence of the HMT are unclear.
In the case of using a contact force, the asymptotic HMT naturally reduces to the n(k) ∼ 1/k4 as for the ultra cold atoms
near the unitary limit or the nuclear HMT in SNM within the neutron–proton dominance model assuming a contact nuclear
force. Extensive and systematic analyses of scaling functions, e.g., y-scaling and superscaling in the quasi-elastic (QE) region
of inclusive electron–nucleus scatterings [299,303–306] found that the n(k) scales as n(k) ∼ 1/k4+m with m ≈ 4 − 4.5 for
momenta k up to (1.59 ∼ 1.97)kF with kF = 250 MeV/c. The corresponding NN force from an inverse Fourier transform for
m = 4 and m = 5 behaves as VNN (r) ∼ 1/r and VNN (r) ∼ (1/r)1/2 , respectively. For example, shown in Fig. 37 are the scaling
functions for different values of m compared with the Relativistic Fermi Gas (RFG) model result and the experimental QE
scaling function from Ref. [298]. It is seen that a good agreement with the experimental QE data is achieved with m ≈ 4.5,
indicating a power-law of n(k) ≈ 1/k8.5 . This example also illustrates clearly how the study of HMT can help us probe the
short-range behavior of nuclear forces. It is worth noting that the fraction of HMT nucleons with n(k) ∼ 1/k8.5 and how it
compares with the recent data from JLAB as well as the various model calculations we mentioned earlier deserve further
investigations.
Based on our observations as illustrated above, there appears to be inconsistent findings regarding the shape and range
of the HMT in nuclei from analyzing some electron–nucleus scattering data. Obviously, the discrepancy should be further
explored. One interesting proposal put forward recently is to use hard photons from first-chance p + n → p + n + γ
scatterings in heavy-ion reactions at low-intermediate energies to probe the size, shape, range and isospin dependence
of HMT in heavy nuclei [307]. Earlier experiments at GSI by the TAPES collaboration have demonstrated that high-energy
photons can be measured to a very high precision [308]. Moreover, theoretical studies have shown that the first chance
p + n → p + n + γ scatterings are the main source of hard photons [309,310]. The proposed approach has two major
advantages. First of all, the FSI suffered by outgoing hadrons has always been a major issue in interpreting accurately most
SRC experimental data especially the exclusive ones where two outgoing nucleons are measured in coincidence to study
the isospin dependence of the SRC. Since photons only interact with nucleons electromagnetically, it is the most FSI free
probe and may thus carry the most reliable information about the HMT in the target and projectile involved in the reaction.
Secondly, compared to the reactions induced by a single nucleon, electron or photon on a heavy target, collisions between
two heavy nuclei can use constructively the two HMTs existing in both the target and projectile, e.g., two identical HMTs in
the 208 Pb target and projectile. More specifically, the center-of-mass energy of two colliding nucleons from the two HMTs
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Fig. 37. The superscaling function in a dilute Fermi gas calculated for different values of m in the asymptotics of the momentum distribution n(k) ∼ 1/k4+m
in comparison with the Relativistic Fermi Gas (RFG) model result and the experimental QE scaling function (gray area) [298].
Source: Taken from Ref. [299].

will be much higher than those involving nucleons all from below the Fermi surfaces of the two colliding nuclei. These
higher energies available will make sub-threshold productions of various particles, such as high-energy photons, pions,
kaons, nucleon–antinucleon pairs, etc., possible. In particular, according to the proton–neutron dominance model of the
tensor force induced SRC, there are equal numbers of neutrons and protons in the HMT [214]. Since the hard photons are
mostly from the first-chance collisions of protons from one nucleus with neutrons from the other nucleus and the elementary
cross section for the p + n → p + n + γ process depends strongly on the neutron–proton relative velocity, their yield is
expected to be increased significantly by the two HMTs in the target and projectile. As an example of a preliminary study
using an isospin- and momentum-dependent Boltzmann–Uehling–Uhlenbeck transport model (IBUU) [19], shown in the
right upper-panel of Fig. 38 are hard photon spectra calculated by using the |k|−4 shape but different fractions (20%, 10%
and 0) of nucleons in the HMT. It is clearly seen that with the HMT, there is a clear increase of hard photon production. More
quantitatively, reducing the fraction of HMT nucleons from 20% to 10% leads to a reduction of hard photons around 200
MeV by a factor of 0.7. These results indicate clearly that nucleon–nucleon collisions involving HMT nucleons play a major
role in producing hard photons with energies above 50 MeV. More detailed studies by varying the shape, size, range and
isospin dependence of the HMT are necessary to further test the feasibility of using hard photons in heavy-ion reactions at
radioactive beam facilities to probe the HMT in neutron-rich matter.
7.5. SRC-induced reduction of kinetic symmetry energy and enhancement of the isospin-quartic term in the EOS of neutron-rich
matter
J

The modification of the single-nucleon momentum distribution nk due to the SRC-induced HMT has direct consequences
on the kinetic EOS of ANM [229] as we shall discuss in this subsection. The kinetic EOS can be expanded in δ as
kin
kin
4
6
E kin (ρ, δ ) ≈ E0kin (ρ ) + Esym
(ρ )δ 2 + Esym
,4 (ρ )δ + O (δ ).

(129)

J

The coefficients evaluated from Eq. (116) using the nk (ρ, δ ) in Eq. (107) with βJ = 0 are
E0kin (ρ ) =

3
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[

(131)

(132)

76

B.-A. Li et al. / Progress in Particle and Nuclear Physics 99 (2018) 29–119

Fig. 38. Nucleon momentum distribution n(k) of

56
26 Fe

with normalization condition

∫ λkF
0

n(k)k2 dk = 1 with different fractions (HMT: 20%, 10% and 0) of

nucleons in the high-momentum tail. Right upper-window: HMT effects on hard photon productions in 40 Ca + 112 Sn reactions at a beam energy of 45
MeV/nucleon and an impact parameter of 5 fm. Source: Taken from Ref. [307].

Since in the presence of the HMT, φ0 > 1 and thus 5φ0 + 3/φ0 − 8 > 0, the kinetic EOS of the SNM is expected to be enhanced
compared to the FFG prediction [214,311,312]. This is easy to understand as the neutron–proton SRC is most important in
SNM, the HMT enhances very efficiently its kinetic energy through the k4 factor in Eq. (116). In the FFG where there is no
HMT, φ0 = 1, φ1 = 0 and thus 5φ0 + 3/φ0 − 8 = 0, the above expressions reduce naturally to the well known results
kin
kin
E0kin (ρ ) = 3EF (ρ )/5, Esym
(ρ ) = EF (ρ )/3, Esym
,4 (ρ ) = EF (ρ )/81

(133)

where EF (ρ ) = k2F /2M is the Fermi energy.
For the interacting nucleons in ANM with the momentum distribution and its parameters given earlier, it was found
kin
kin
(ρ0 ) ≈ −13.90 ± 11.54 MeV and Esym
that [105] E0kin (ρ0 ) ≈ 40.45 ± 8.15 MeV, Esym
,4 (ρ0 ) ≈ 7.19 ± 2.52 MeV, respectively.
Relativistic corrections to these values were found small [313]. Compared to the corresponding values for the FFG, it is seen
that the isospin-dependent HMT increases significantly the average kinetic energy E0kin (ρ0 ) of SNM but decreases the kinetic
kin
symmetry energy Esym
(ρ0 ) of ANM to a negative value qualitatively consistent with findings of several recent studies of the
kinetic EOS considering short-range nucleon–nucleon correlations using both phenomenological models and microscopic
many body theories [237,311,312,314–317]. However, it was completely unknown before whether the empirical isospin
parabolic law is still valid for the kinetic EOS of ANM when the isospin-dependent HMTs are considered. Very surprisingly
and interestingly, it was shown clearly broken seriously [105]. It is very difficult to expect that the corrections in the square
kin
kin
brackets for E0kin (ρ ), Esym
and Esym
,4 are small quantities, i.e., the usual parabolic approximation for the EOS of ANM, even
kin
kin
at the kinetic level, is expected to be broken. More quantitatively, the ratio |Esym
,4 (ρ0 )/Esym (ρ0 )| is about 52% ± 26% that
is much larger than the FFG value of 3.7%. It was also found that the large quartic term is mainly due to the strong isospin
dependence of the HMT cutoff described by the φ1 parameter. For instance, by artificially setting φ1 = 0, one shall obtain
kin
kin
Esym
(ρ0 ) ≈ 14.68 ± 2.80 MeV and Esym
,4 (ρ0 ) ≈ 1.12 ± 0.27 MeV, which are very close to the corresponding FFG values. In
HMT
Fig. 39, the dependence of the kinetic symmetry energy and the isospin-quartic term on the fractions xHMT
SNM and xPNM is shown.
HMT
It is obvious that a large quartic term is generated by a large difference between the xHMT
and
x
.
Considering
short-range
SNM
PNM
nucleon–nucleon correlations but assuming that the isospin parabolic approximation is still valid, some previous studies
kin
have evaluated the kinetic symmetry energy Esym
by simply taking the difference between the kinetic energy of the PNM
kin
and that of the SNM, i.e., subtracting the EPNM
by E0kin . This approximation actually takes the sum of the kinetic symmetry
kin,appro
kin
kin
energy and the quartic kinetic energy as the symmetry energy, i.e., Esym
(ρ0 ) ≈ Esym
(ρ0 ) + Esym
,4 (ρ0 ) ≈ −6.71 ± 9.11 MeV.
kin
There is thus no surprising that this value is consistent quantitatively with the Esym
(ρ0 ) found in, e.g., Ref. [246], under the
parabolic approximation.
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Fig. 39. Dependence of the kinetic symmetry energy and the isospin-quartic term on the fractions of high-momentum nucleons in symmetric nuclear
HMT
matter (xHMT
SNM ) and pure neutron matter (xPNM ).

As we have discussed earlier, using the HVH theorem valid at the mean-field level, an appreciable isospin-quartic term
in the EOS may appear depending on the high-order derivatives of the momentum-dependent symmetry potential or the
difference between the nucleon isoscalar and isovector effective masses. Here we have seen that the SRC modifies the
momentum distribution of nucleons such that these quasi-particles have a new momentum distribution that is different
from the usual step function of the FFG. As the SRC is induced mainly by the tensor force, one can also attribute the reduction
of kinetic symmetry energy and the enhancement of isospin-quartic term for quasi-particles to tensor force which does not
contribute to the mean-field of spin saturated systems. Thus, the SRC-induced modifications of the kinetic symmetry energy
and isospin-quartic term seem to be additions to the EOS evaluated at the mean-field level. However, more quantitative
studies remain to be done.
Most of the phenomenological models describe the depletion of the Fermi sea with a constant reduction factor ∆J from
J
1 as illustrated in Fig. 23. In the following, we briefly discuss effects of the two parameters in the βJ = β0 (1 + τ3 β1 δ ) used in
J
the nk (ρ, δ ) of Eq. (107). They were used to characterize the depletion of the Fermi sea at finite momenta below/around the
Fermi surface and can affect the E-mass to be extracted using the Migdal–Luttinger theorem. To estimate their effects, one
can consider a widely used single-nucleon momentum distribution parameterized in Ref. [241] based on calculations using
2
many-body theories. More specifically, for |k| ≲ 2 fm−1 , the function I goes like ∼ e−α|k| with α ≈ 0.12 fm2 . At ρ0 since
2
α k2F ≈ 0.21 ≪ 1, it is good enough to use the approximation e−α|k| ≈ 1 − α|k|2 + O(|k|4 ), in the range of 0 < |k| < kJF .
Thus, a quadratic function

(
I

|k|
J

)

(
=

kF

|k|

)2
(134)

J

kF

is effective and reasonable to describe the depletion of the Fermi sea at finite momenta. The constants in the parametrization
(
)
of Ref. [241] are absorbed here into the parameters ∆J and βJ . Then, the Eq. (115) gives ∆J = 1 − 3βJ /5 − 3CJ 1 − 1/φJ .
Specifically, one can obtain β0 = (5/3)[1 − ∆0 − 3C0 (1 − φ0−1 )] = (5/3)[1 − ∆0 − xHMT
SNM ] for SNM. Then, using the predicted
value of ∆0 ≈ 0.88 ± 0.03 [226,228,233] and the experimental value of xHMT
SNM ≈ 0.28 ± 0.04, the value of β0 is estimated
J
J
to be about −0.27 ± 0.08. Similarly, the condition βJ = β0 (1 + β1 τ3 δ ) < 0, i.e., nk is a decreasing function of momentum
J
towards kF , indicates that |β1 | ≤ 1.
J
A finite value of βJ is expected to affect the ‘‘renormalization function’’ ZF . For SNM, one has ZF0 = 1 + 2β0 /5 − C0 − xHMT
SNM ≈
J
0.45 ± 0.07 (0.56 ± 0.04) in the presence (absence) of β0 . For ANM, however, the ZF depends on the less constrained value
of β1 . It is worth noting that β1 also strongly determines the neutron–proton effective E-mass splitting. Contributions from
a finite βJ to the first three terms of the kinetic EOS are

δ E0kin (ρ ) =
kin
δ Esym
(ρ ) =

3
5
1

E F (ρ0 ) ·

4β0

,

35
4β0 (1 + 3β1 )

E F (ρ0 ) ·
,
3
35
1
4β0 (1 − 3β1 )
kin
δ Esym
EF (ρ0 ) ·
.
,4 (ρ ) =
81
35

(135)
(136)
(137)
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kin
kin
Fig. 40. Corrections to the Esym
(ρ0 ) and Esym
,4 (ρ0 ) as functions of β1 with β0 = −0.35.
Source: Taken from Ref. [229].

kin
kin
With the largest magnitude of β0 ≈ −0.35, the corrections to the Esym
(ρ0 ) and Esym
,4 (ρ0 ) as functions of β1 in its full range
allowed are shown in the left window of Fig. 40. Here the maximum effects of the finite βJ are explored. It is seen that the
kin
kin
correction on the Esym
,4 (ρ0 ) is negligible while that on the Esym (ρ0 ) is less than 2 MeV. Considering the corrections due to the
kin
finite β0 and β1 and their uncertainties, one finally obtain E0kin (ρ0 ) ≈ 39.77 ± 8.13 MeV, Esym
(ρ0 ) ≈ −14.28 ± 11.59 MeV
kin
6
and Esym,4 (ρ0 ) ≈ 7.18 ± 2.52 MeV, respectively. Moreover, the δ term was also consistently evaluated and found eligible at
the saturation density, i.e., including the quartic term is good enough to describe the kinetic EOS of ANM perturbatively. It is
necessary to point out the limitations of the above approach. Since the parameters of the nucleon momentum distribution
(Eq. (107)) were fixed by using experimental data and/or model calculations at the saturation density, the possible density
dependence of these parameters has not been explored yet. The density dependence of the various terms in the kinetic EOS
is thus only due to that of the Fermi energy as shown in Eqs. (130)–(132). In this limiting case, the slope parameter of the
kin
kinetic symmetry energy itself, i.e., Lkin = 3ρ0 dEsym
(ρ )/dρ|ρ=ρ0 ≈ −27.81 ± 23.08 MeV while that of the FFG is about
25.04 MeV.
It is important to emphasize that the SRC-induced reduction of the kinetic symmetry energy with respect to the FFG value
of about 12.3 MeV at saturation density is commonly seen in many-body theories where the SRC effects are considered.
Shown in Fig. 41 are comparisons of the kinetic symmetry energy from the above analysis and those predicted by several
microscopic many-body theories and phenomenological models including the SCGF using different interactions (N3 LO, Av18,
Nij1, and CD Bonn) [316], BHF approach using the Av18 potential plus the Urbana IX three-body force (TBF) [314], the Fermi
hypernetted chain (FHNC) method [315], and a phenomenological parametrization of Ref. [246]. As mentioned earlier, the
kinetic symmetry energy obtained in Ref. [316] and Refs. [246,314,315] are actually approximated by the difference between
kin
the EPNM
and E0kin using the parabolic approximation of the EOS, or, equivalently, the sum of the kinetic symmetry energy
and the kinetic quartic term from Ref. [229]. They all agree qualitatively that the kinetic symmetry energy is reduced by the
SRC but disagree quantitatively.
The SRC-reduced kinetic symmetry energy with respect to the FFG prediction has been found to affect significantly not
only the understanding about the origin of the symmetry energy but also several isovector observables, such as the free
neutron/proton and π − /π + ratios in heavy-ion collisions [246,318–320], as well as some properties of neutron stars [321]. In
both transport model simulations of heavy-ion reactions and constructing phenomenological EOS for astrophysical studies,
it is customary to parameterize the symmetry energy as a sum of the kinetic symmetry energy of a FFG and an interaction
contribution as

Esym (ρ ) =

ρ ) + S0 −

kin
Esym
(FFG)(

[

ρ

kin
Esym
(FFG)( 0 )

]

(

ρ
ρ0

)γ
(138)

kin
kin
where Esym
(FFG)(ρ ) ≡ (22/3 − 1)(3/5)EF (ρ ) ≈ 12.3(ρ/ρ0 )2/3 ≡ Esym
(ρ ), S0 is the total symmetry energy at ρ0 and γ
is a free parameter that one hopes to extract from fitting isospin-sensitive observables. Normally, the standard value of
kin
Esym
(FG)(ρ0 ) = 12.3 MeV is used. Our discussions above put this practice into serious question especially in simulating
heavy-ion reactions. For calculating global properties of neutron stars, it is the total pressure and energy density that go
into solving the TOV equation, it thus does not matter much how they are divided. For solving the transport equation of
quasi-nucleons for heavy-ion reactions, however, only the potential part of the symmetry energy is a direct input needed.
Under the condition that the S0 is a constant consistent with existing experimental constraints, what value one uses for
the kinetic symmetry energy is important. It affects what one extracts for the γ parameter from fitting experimental data.
Unfortunately, the currently existing constraints on the symmetry energy around and below ρ0 do not limit the division of the
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Fig. 41. SRC-induced reductions of nucleon kinetic symmetry energy from several models with respect to the value (12.3 MeV) for the free Fermi gas (FFG).

Fig. 42. Freedom of dividing total symmetry energy into its kinetic and potential parts within the existing constraints.
Source: Taken from Ref. [318].

total symmetry energy as illustrated in Fig. 42. To consider the possibility that the kinetic symmetry energy of quasi-nucleons
is reduced with respect to the FFG value, one can introduce a reduction factor η and rewrite the Esym (ρ ) as
kin
kin
Esym (ρ ) = η · Esym
(FFG)(ρ ) + S0 − η · Esym
(FFG)(ρ0 )

[

]

(

ρ
ρ0

)γ

.

(139)

kin
In fact, since Esym
(FFG)(ρ ) goes as (ρ/ρ0 )2/3 , η can be anything when γ = 2/3 with a total symmetry energy of Esym (ρ ) =
2/3
S0 · (ρ/ρ0 ) . For other values of γ between 0.5 to 1, all resulting Esym (ρ ) functions with η between 0 and 1 considered in
Ref. [318] pass the existing constraints around and below ρ0 . Thus, to our best knowledge, nothing forbids the reduction of
kinetic symmetry energy of quasi-nucleons from the value for a FFG.
So far, no investigation on possible effects of a large isospin quartic term in the EOS of ANM on heavy-ion collisions has
been done yet while its effects on properties of neutron stars, especially the crust–core transition density and pressure,
have been studied extensively. This is mainly because of the very small isospin asymmetry normally reached in heavy-ion
collisions. Of course, effects of the quartic and quadratic terms should be studied together within the same approach. To
extract from nuclear reactions and neutron stars information about the EOS of neutron-rich nucleonic matter, one often
parameterizes the EOS as a sum of the kinetic energy of a FFG and a potential energy involving unknown parameters up to
the isospin-quadratic term only. The findings obtained in Ref. [229] and the discussions above indicate that it is important
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to include the isospin-quartic term in both the kinetic and potential parts of the EOS. Moreover, to accurately extract
pot
the completely unknown isospin-quartic term Esym,4 (ρ )δ 4 in the potential EOS, it is important to use the kinetic EOS of
quasi-particles with reduced kinetic symmetry energy and an enhanced quartic term due to the isospin-dependence of the
HMT. Most relevant to the isovector observables in heavy-ion collisions, such as the neutron–proton ratio and differential
pot
pot
flow, is the nucleon isovector potential. Besides the Lane potential ±2ρ Esym (ρ )δ where the Esym (ρ ) is the potential part
pot
4
of the symmetry energy and the ± sign is for neutrons/protons, the Esym,4 (ρ )δ term contributes an additional isovector
pot

term ±4ρ Esym,4 (ρ )δ 3 . In neutron-rich systems besides neutron stars, such as nuclear reactions induced by rare isotopes
and peripheral collisions between two heavy nuclei having thick neutron-skins, the latter may play a significant role in
understanding the isovector observables or extracting the sizes of neutron-skins of the neutron-rich nuclei involved.
7.6. SRC effects on the density dependence of nuclear symmetry energy within energy density functionals
Here we examine how the SRC can modify simultaneously both the kinetic and potential parts of the EOS of ANM,
especially the density dependence of nuclear symmetry energy within a nonlinear RMF model and then a modified-Gogny
energy functional. To include the SRC-induced HMT in RMF models, the kinetic energy density and the corresponding
pressure were modified according to [322]

ε
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J
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(140)

(141)

Generally, for any function f at zero temperature when the step function for the momentum distribution in FFG is replaced
J
by the two parts of the nk (HMT) below and above the Fermi surface, one has to make the following replacement
J

kF

∫

J

φJ kF

∫
(FFG step function)f dk −→

J

nk (HMT)f dk.

(142)

0

0

It is necessary to point out here an inconsistency of this hybrid approach, namely, the RMF model itself cannot selfJ
consistently reproduce the phenomenological nk in Eq. (107) constrained by the experiments we discussed earlier. In
fact, this inconsistency exists in almost all phenomenological mean-field models. Ideally, one should first reproduce
J
quantitatively and self-consistently the experimentally constrained nk by adjusting parameters in the model Lagrangian.
J
Unfortunately, as shown by the strong model dependence in predicting the nk using various models and interactions, our
poor knowledge on the isospin dependence of SRC still hinders reproducing quantitatively the experimentally constrained
J
J
nk within some models. Thus, the hybrid approach of using directly the phenomenologically constrained nk and readjusting
only the interaction parts of the EOS can give us some useful perspectives on the effects of the SRC on the EOS of ANM while
keeping in mind the shortcomings of the approach.
kin
The kinetic symmetry energy Esym
(ρ ) in the RMF model with HMT is [322]
kin
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(143)

where EF∗ = (M0 + k2F )1/2 and FF∗ = (M0 + (φ0 kF )2 )1/2 , M0∗ = M − gσ σ is the Dirac effective mass of a nucleon in
SNM with gσ the coupling constant between the σ meson and the nucleon. In the FFG limit, φ0 = 1, φ1 = 0, only the first
kin
kin
(ρ ) → Esym
(ρ ) ≡ k2F /6EF∗ as in traditional RMF models. The kinetic
term of the above expression survives and leads to Esym
symmetry energy in the presence of HMT is a function only of the Dirac effective mass M0∗ . Using the values of C0 , C1 , φ0
and φ1 given earlier, as shown in Fig. 43, the kinetic symmetry energy with HMT is significantly smaller than that of the
∗,2

∗,2
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Fig. 43. Kinetic symmetry energy as a function of Dirac effective mass of nucleons in SNM both in the RMF-FFG model and RMF-HMT model at saturation
density. Source: Taken from Ref. [322].

Fig. 44. Left: Kinetic EOS of SNM defined by Eq. (144). The average kinetic energy of neutrons and protons in C, Al, Fe and Pb with error bars [214] and
Li, 9,10 Be and 11 B [236] was extracted from data analysis using the neutron–proton dominance model. The lines are results of the RMF-HMT and RMF-FFG
calculations [322]. Right: Ratio of the average kinetic energy of protons to that of neutrons as a function of proton fraction xp = Z /A within the independent
particle model (IPM) and the low order correlation operator approximation (LCA). Source: Taken from Ref. [103].
7,8,9

FFG in the whole range of M0∗ considered as reasonable. For example, with M0∗ /M = 0.6 the kinetic symmetry energy is
kin
kin
Esym
(ρ0 ) ≈ −16.94 ± 13.66 MeV. This value is close to the non-relativistic result of Esym
(ρ0 ) ≈ −13.90 ± 11.54 MeV (and
−14.28 ± 11.59 including the effects of β0 and β1 ). Thus, the reduction of the kinetic symmetry energy in the presence of
HMT is general in both relativistic and non-relativistic calculations.
One can also gain some confidence about the hybrid approach used here by comparing its prediction for the kinetic EOS
with those by other models [103,236]. In the nonlinear RMF model, the kinetic EOS of SNM is defined as
E0kin (ρ ) ≡

1

2

ρ (2π )3

∫

φ0 kF

n0k

√

k2 + M0 dk − M0∗ ,
∗,2

(144)

0

where n0k is the momentum distribution of nucleons in SNM. The HMT and FFG model predictions for the E0kin (ρ ) are shown
in the left window of Fig. 44. Recently, the average kinetic energy of neutrons and protons in C, Al, Fe and Pb with error
bars as well as 7,8,9 Li, 9,10 Be and 11 B without error bars were extracted from analyzing several electron–nucleus scattering
experiments using a neutron–proton dominance model [214,236]. The mass number A-dependence of the nucleon kinetic
energy can be translated into its density dependence through a well-established empirical relationship [196,323–328]

ρA ≈

ρ0
1 + α/A1/3

(145)
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where α reflects the balance between the volume and surface symmetry energies. Using α ≈ 2.8 [326] appropriate for the
mass range considered, the average kinetic energy per nucleon, i.e., ⟨T ⟩ = [⟨Tn ⟩(1 + δ ) + ⟨Tp ⟩(1 − δ )]/2, calculated with the
HMT and FFG are compared with that from the neutron–proton dominance model in the left window of Fig. 44. According to
kin
kin
the parabolic approximation for the EOS of ANM, i.e., EANM
(ρ ) ≈ E0kin (ρ ) + δ 2 Esym
(ρ ), even for the most neutron-rich nucleus
kin
208
2
considered Pb with an isospin asymmetry δ ≈ 0.045, we still have EANM (ρ ) ≈ E0kin (ρ ). This means that the results shown
in the left window of Fig. 44 are approximately equal to the kinetic EOS E0kin (ρ ) of SNM. It is interesting to see that the
RMF-HMT result is consistent with the predictions of the neutron–proton dominance model while the FFG prediction falls
about 40% below. As indicated in right window of Fig. 23, pure mean-field models fail to describe the spectroscopic factors
extracted from electron scatterings on nuclei from 7 Li to 208 Pb by about 30–40% due to the lack of occupations of energetic
orbitals in these models where the SRC effects are not considered [211]. The fact that the RMF-FFG model under-predicts
the average nucleon kinetic energy compared to the RMF-HMT is due to the same physical reason.
There is also an interesting common feature [103,214] indicating that protons move faster than neutrons in neutronrich nuclei especially in neutron-skins of heavy nuclei [285]. As shown in the left window of Fig. 44, the proton–neutron
dominance model predicts that the average kinetic energy of protons is higher than that of neutrons and their difference
increases with the isospin asymmetry of the nucleus considered. In Ref. [103], the average kinetic energy of nucleons were
calculated via a low order correlation operator approximation (LCA) where one can separate contributions of the central,
spin–isospin and tensor correlations and study how they affect the relative strength of nn, pp and pn pairs in the HMT.
For instance, for 1.5 ≲ |k| ≲ 3 fm−1 , it was shown that the momentum distribution is dominated by tensor-induced
pn correlations. Moreover, the prediction on the relative strength of pp and pn pairs in the tail part is consistent with
observations in the exclusive two-nucleon knockout studies, i.e., a strong dominance of the np SRC pairs over the pp SRC
pairs [103]. As shown in the right window of Fig. 44, the average kinetic energy of neutrons in the independent particle model
(IPM) is generally larger than that of protons, but the inclusion of the correlations makes the prediction flipped. Moreover,
they also found that the difference between the ⟨Tp ⟩ and ⟨Tn ⟩ increases roughly linearly with the decreasing proton fraction
xp . For the most asymmetric nucleus considered there, i.e., 48 Ca, the ⟨Tp ⟩ is about 10% larger than the ⟨Tn ⟩, qualitatively
consistent with the results of Ref. [214], see the magenta and the green solid circles in the left window of Fig. 43.
Going back to the RMF calculations, we now discuss effects of the SRC-reduced kinetic symmetry energy on the
calculations of the density dependence of the total symmetry energy Esym (ρ ). As the total symmetry energy Esym (ρ0 ) and
its slope parameter L(ρ0 ) at the saturation density are both relatively well constrained as we discussed earlier, the reduced
pot
kin
kinetic Esym
(ρ0 ) requires an enhanced potential Esym (ρ0 ) such that their sum is still consistent with the known empirical
constraints. Results of a recent study [322] by fixing six quantities, i.e., M0∗ , E0 (ρ0 ), ρ0 , K0 , Esym (ρ0 ) and L(ρ0 ) at their empirical
values using the RMF-HMT and RMF-FFG parameters are compared in Fig. 45. Results of several other predictions [328–330]
for the Esym (ρ ) near ρ0 are also shown. It is seen from the upper panel that the HMT reduces the magnitude but hardens
the slope of Esym (ρ ) at sub-saturation densities. For instance, at densities around 0.04 fm−3 , the effect is about 30% which is
larger than the width of the existing constraint [330]. On the other hand, at supra-saturation densities as shown in the lower
panel, the symmetry energy is also significantly reduced by the HMT. For instance, the effect is about 25% at densities around
0.5 fm−3 . Overall, while the Esym (ρ0 ) and its slope parameter L(ρ0 ) are fixed, the HMT significantly reduces the curvature, i.e,
the Esym (ρ ) becomes more concave, at saturation density. It is interesting to note that in the original nonlinear RMF model,
the high density Esym (ρ ) cannot be made too small because of the limitation of the RMF model structure itself. In the presence
of HMT, however, mainly owing to the negative kinetic symmetry energy it is possible to make the total Esym (ρ ) very soft
and even decreases at high densities by using different L(ρ0 ) values but a fixed Esym (ρ0 ), see the right window of Fig. 45. We
notice that there is indeed some circumstantial evidences supporting a super-soft Esym (ρ ) [332].
Since the HMT and FFG models are designed to have the same values of symmetry energy Esym (ρ0 ) and its slope L(ρ0 ), it
is useful to use the curvature of the symmetry energy, Ksym to measure the HMT effects on the total symmetry energy. More
FFG
HMT
quantitatively, the values of Ksym
≈ −37 MeV and Ksym
≈ −274 MeV were found. The corresponding isospin-coefficients of
the incompressibility are KτFFG ≈ −174 MeV and KτHMT ≈ −470 MeV, respectively. The latter is in very good agreement
with the best estimate of Kτ = −550 ± 100 MeV from analyzing many different kinds of experimental data currently
available [197]. Overall, the HMT is to make the symmetry energy significantly more concave around the saturation density,
leading to a stronger isospin dependence in the incompressibility of ANM compared to the FFG model.
As an example of non-relativistic calculations, shown in Fig. 46 are the results of calculations for the Esym (ρ ) within
a modified Gogny (with the MDI interaction) energy density functional (EDF) using the FFG, HMT-SCGF and HMT-exp
parameter sets [331]. In this study, several quantities were fixed at their empirical values, i.e., M0∗ , E0 (ρ0 ), ρ0 , K0 , Esym (ρ0 ),
L, U0 (ρ0 , 0) and Usym (ρ0 , 1 GeV), where U0 (ρ, |k|) and Usym (ρ, |k|) is the single-nucleon isoscalar and isovector potential,
respectively [331]. It is interesting to notice that the SRC-induced reduction of Esym (ρ ) within the non-relativistic EDF
approach is qualitatively consistent with the RMF-HMT result shown in Fig. 45. Nevertheless, since there is no explicit
momentum dependence in the RMF EDF, the corresponding reduction of Esym (ρ ) is smaller. Obviously, the momentumdependent interaction in the modified Gogny EDF makes the SRC-induced softening of the symmetry energy at suprasaturation densities more evident.
The above two examples have shown that the tensor force induced SRC can soften the symmetry energy at suprasaturation densities, leading to a decreasing Esym (ρ ) that may even become negative at high densities. In fact, such kind
of Esym (ρ ) has also been found in many other calculations in the literature, see, e.g., Refs. [43,70,333–346]. A summary
of more predictions of super-soft high-density symmetry energy can be found in Ref. [347]. Not surprisingly, one of the
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Fig. 45. Left: Total symmetry energy as a function of density in the HMT and FFG models in comparison with constraints from several recent studies
[328–330]. Taken from Ref. [322]. Right: Symmetry energy with different L as a function of density in the nonlinear RMF models with SRC-induced HMT.
The symmetry energy at normal density is fixed.

Fig. 46. Comparisons of nuclear symmetry energy obtained within a modified Gogny energy density functional using the FFG, HMT-SCGF and HMT-exp
parameter sets. Constraints on the symmetry energy from analyzing heavy-ion collisions (HIC) [329] and the Isobaric Analog States (IAS) [328] are also
shown. Source: Taken from Ref. [331].

possible origins of the super-soft Esym (ρ ) at supra-saturation densities is the isospin dependence of nuclear tensor force.
Examples of detailed studies on the role of tensor force on the high-density behavior of nuclear symmetry energy can
be found in Refs. [139,348–351]. At very high densities when the short-range repulsive tensor force due to the ρ -meson
exchange makes the EOS of symmetric matter increase faster with density than that of pure neutron matter where the
tensor force is much weaker, the Esym (ρ ) decreases or even becomes negative at high densities [333,334]. To our best
knowledge, such kind of unusual Esym (ρ ) is not excluded by any known fundamental physics principle. It is also not clear if
there are experimental/observational evidences excluding the super-soft Esym (ρ ) in either nuclear physics or astrophysics.
It is actually an interesting topic that has attracted considerable attention since it was first predicted by Pandharipande in
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1972 [333]. The super-soft symmetry energy may lead to new phenomena, such as the formation of proton polarons [352]
or isospin separation instability (i.e., symmetric matter is unstable against being separated into clusters of pure neutrons
and protons) [353] in neutron stars. Moreover, there is a degeneracy between the high-density EOS and strong-field gravity
in determining properties of massive neutron stars [354–361]. A better understanding of the high-density Esym (ρ ) will help
test theories of strong-field gravity that is not completely understood yet. In the era of gravitational wave astronomy just
begun with the recent detection of GW170817 [202], reliable information about the high-density Esym (ρ ) is becoming even
more important [362,363]. As to supporting massive neutron stars heavier than two solar masses with a super-soft Esym (ρ ) ,
similar to situations where various possible phase transitions and/or new particles are considered, there are probably many
options. For example, since the EOS of super-dense isospin-symmetric nucleonic matter is not determined either [364], a
super-stiff EOS of SNM can be constructed by varying the skewness parameter J0 of SNM within its uncertainty range and
staying causal to support massive neutron stars when the Esym (ρ ) is super-soft [365]. Moreover, several seemingly extreme
mechanisms, such as the modified gravity or new light mesons have also been proposed to support massive neutron stars
when the EOS at high densities is super-soft, see, e.g., Refs. [356–360].
7.7. SRC effects on the isospin-dependent depletion of nucleon Fermi sea and E-mass in neutron-rich matter
In this subsection, we discuss constraints and SRC effects on the nucleon E-mass and its isospin splitting via the Migdal–
Luttinger theorem [7,9]. For this purpose, one needs reliable information about the nucleon momentum distributions from
both right below and above the Fermi surface. In the previous sections, we have focused on the contact and the HMT above
the Fermi surface. Here we shall first discuss the depletion below the Fermi surface, then combine all relevant information
together to extract the E-mass from applying the Migdal–Luttinger theorem. Of course, the isospin-dependent depletion
of the nucleon Fermi sea and various experimental efforts probing it are extremely interesting in their own rights. For an
overview of earlier studies on effects of both the SRC and long-range correlations on the depletion of the nucleon Fermi sea,
we refer the reader to the comprehensive review by Dickhoff and Barbieri [366].
The depletion κJ of the nucleon momentum distribution below the Fermi surface provides a quantitative measure of
the validity of the HVH theorem [94] and more generally independent particle models. A deeper depletion indicates a more
serious violation of the HVH theorem [132,367–370]. Experimentally, it can be measured by using the nucleon spectroscopic
factor from transfer, pickup and (e,e′ p) reactions [367]. As illustrated already in Fig. 23, a well-known finding is that meanfield models over-predict the occupation of low-momentum nucleon orbitals compared to data of electron scatterings on
nuclei from 7 Li to 208 Pb by about 30–40% due to the neglect of correlations [211]. The κJ is also believed to determine the rate
of convergence of the hole-line expansion of the nuclear potential [3,224,367,368]. It was shown earlier that the κJ depends
strongly on the tensor part of the nucleon–nucleon interaction [228,369]. Now let us look at a few examples. Shown in
the left window of Fig. 47 are the density dependence of the depletion parameter κ in SNM (black line) obtained using the
BHF approach with a separable representation of the Paris interaction [231]. The most likely value of the density inside the
Fermi surface was found to be 3kF /4 based on the potential form used. The κ reached about 0.27 in the range of densities
considered there. Since the density dependence of the κ parameter is rather weak, the studies on the κ at a fixed density
(e.g., the saturation density) is already useful. In the right window of Fig. 47, the average depletion κ (upper) and the EOS
of SNM (lower) from BHF calculations using several interactions are shown [286]. One of the main features is that at high
densities, e.g., ρ > ρ0 ≈ 0.17 fm−3 , the depletions from the calculations using the r-space potentials Paris, Av18, Nij93
remain fairly high, whereas those using the k-space and in particular the chiral potentials feature much lower values. In
the latter case, there is a strong dependence on the chiral cutoff parameter used. As pointed out in Ref. [286], the depletion
at high densities is determined by the repulsive core of the nucleon–nucleon interaction. The latter is very strong in the
r-space potentials used but very weak in the chiral potentials with small momentum cutoff parameters. On the other hand,
even around the saturation density, the κ obtained using different interactions shown in Fig. 47 takes value from about
0.12 to 0.27, leading to a relative variation of about 37% in the same BHF model. This represents the current level of the
interaction-dependence in predicting the depletion of the nucleon Fermi sea.
J
Corresponding to the nk in Eq. (107), the average depletion of the Fermi sphere in ANM at ρ0 is

κ J = 1 − ∆J −

1
J

kF

∫
0

J

kF

(
βJ

|k|
J

kF

)2
dk =

(
)
1
βJ + 3CJ 1 −
.
15
φJ
4

(146)

More quantitatively, for SNM, κ = 4β0 /15 + xHMT
SNM ≈ 0.21 ± 0.06 is comparable with results obtained earlier from other
studies [3,132,367,368], as shown in the inset of Fig. 48 and those shown in Fig. 47. The corresponding neutron–proton
depletion splitting is approximately

κn − κp ≈ [8β0 β1 /15 + 6C0 φ1 /φ0 + 6C0 C1 (1 − φ0−1 )]δ ≈ (−0.37 ± 0.16)δ.

(147)

Shown in Fig. 48 are the κ values for neutrons and protons separately as functions of isospin asymmetry δ . It is interesting
to see that the neutron/proton depletion decreases/increases with δ approximately linearly as shown analytically in
Eq. (147), indicating that protons with energies near the Fermi surface experience larger correlations with increasing isospin
asymmetry. Within the tensor force induced neutron–proton dominance model used in deriving the Eq. (147), it is simply
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Fig. 47. Left: The depletion parameter κ as a function of Fermi momentum kF in SNM from the BHF approach with a separable representation of the Paris
interaction. Taken from Ref. [231]. Right: Average depletion in SNM (upper) as a function of density and the EOS of SNM (lower) from BHF calculations
using several modern interactions. Taken from Ref. [286].

Fig. 48. Average depletion of the neutron and proton Fermi surface as a function of isospin asymmetry in neutron-rich matter. The inset compares the
average nucleon depletion in symmetric matter from several studies [3,132,367,368]. Source: Taken from Ref. [105].

because protons have more neutrons to be paired with in more neutron-rich matter. This feature is in qualitative agreement
with findings from studies using both microscopic many-body theories [233,369,371] and phenomenological models [236].
The indication that the minority particles are more correlated and deeply depleted from its Fermi sea in imbalanced
2-component systems is also consistent with some experimental observations from studying nucleon spectroscopic factors
in radioactive nuclei [372], dispersive optical model analyses of proton–nucleus scatterings [373] and the neutron–proton
dominance model analyses of electron–nucleus scatterings [214]. For example, from neutron knock-out reactions, Gade
et al. [372] deduced the occupancy of the 0d5/2 neutron hole state in the proton-rich 32 Ar nucleus from studying the
reduction factor Rs defined as the ratio of the experimental and theoretical value for the spectroscopic factor [372]. The
latter measures the overlap of the initial and final states with the same orbital and total angular momenta. Shown in the
left window of Fig. 49 is their compilation of the reduction factor Rs as a function of nucleon separation energy [372]. Most
interestingly in the context of the discussions here, the neutron reduction factor for the proton-rich 32 Ar is much lower
than that for the neutron-rich 22 O both having 14 neutrons, indicting clearly that the minority neutrons in the protonrich environment is more correlated/depleted. On the other hand, Charity et al. [373] found that protons in neutronrich systems are more strongly correlated from a dispersive optical model analysis of p+40 Ca and p+48 Ca scattering data.
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Fig. 49. Left: Inferred reduction factors Rs as a function of nucleon separation energy. Taken from Ref. [372]. Right: Proton occupation probability as a
function of Fermi energy for 40 Ca (blue) and 48 Ca (red) from a dispersive optical model analysis of p+Ca scattering data and 60 Ca (green) from model
calculations. Taken from Ref. [373].

More quantitatively, the inferred spectroscopic factors are 65%, 56% and 50% for the 0d3 /2 proton level in 40 Ca, 48 Ca and
60
Ca, respectively. Shown in the right window of Fig. 49 are the proton occupation probabilities they inferred from the
experimental data of proton scattering on 40 Ca and 48 Ca as well as model calculations for 60 Ca. Their results show that for
proton hole states just below the Fermi energy, the occupation probabilities have decreased for the more neutron-rich 48 Ca
while the opposite is true for the particle states. This trend is even stronger in the extrapolation to 60 Ca based on their model
calculations. These results clearly imply that protons with energies near the Fermi surface experience stronger correlations
with increasing isospin-asymmetry in neutron-rich matter. The above experimental observations are qualitatively consistent
with indications of the Eq. (147). It is, however, necessary to emphasize that the particle occupancy is not directly observable
and the reduction factor is by definition model dependent. All reported results thus have some intrinsic model dependences,
see discussions in, e.g., Ref. [374]. For example, it was reported by Lee et al. [375] that spectroscopic factors extracted for
proton-rich 34 Ar and neutron-rich 46 Ar using the (p,d) neutron transfer reactions show little reduction of the ground state
neutron spectroscopic factor in the proton-rich nucleus 34 Ar compared to that of 46 Ar, inconsistent with the trends observed
in the knockout reaction measurements by Gade et al. [372].
We now turn to the nucleon E-mass obtained through the Migdal–Luttinger theorem. In terms of the parameters
J
J
describing the single-nucleon momentum distribution nk in Eq. (107), one has ZF = ∆J +βJ − CJ = 1 + 2βJ /5 − 4CJ + 3CJ φJ−1 .

HMT
For SNM, it is given by ZF0 = 1 + 2β0 /5 − 4C0 + 3C0 φ0−1 = 1 + 2β0 /5 − C0 − xHMT
SNM , then using the values for β0 , φ0 , C0 and xSNM
∗,E
given above, one obtains a value of M0 /M ≈ 2.22 ± 0.35. Shown in the left window of Fig. 50 with the filled squares are
∗,E
the extracted nucleon E-mass in SNM within the uncertain range of the β0 parameter. It is seen that the variation of M0 /M
with β0 is rather small. For comparisons, also shown are earlier predictions based on (1) a semi-realistic parametrization
through a relative s-wave exponential nucleon–nucleon interaction potential (red dash line) [376], (2) a Green’s function
method considering collective effects due to the coupling of nucleons with the low-lying particle–hole excitations of the
medium (green solid line) [13], (3) a correlated basis function (CBF) method using the Reid and Bethe–Johnson potentials
(black and magenta solid lines) [14,15], (4) two non-relativistic models with the Paris nuclear potential (purple and red
solid line) [231,377], (5) a low density expansion of the optical potential (orange solid line) [378] and (6) a relativistic Dirac–
Brueckner approach (dash black line) [370].
The Migdal–Luttinger jump in SNM is ZF0 = 1 + 2β0 /5 − C0 − xHMT
SNM where the last term (fraction of nucleons in the HMT) is a
measure of the SRC strength. It is clear that a stronger SRC makes the nucleon E-mass larger. This conclusion was also reached
by comparing predictions of the BHF and RHF which does not consider the SRC effects as can be seen immediately in the right
window of Fig. 50 [379]. It was pointed out that the ladder diagram/three-body force (TBF) considered in the Brueckner pairs
included strong SRC effects. The latter become increasingly important in the high-density region, i.e., the SRC can generate a
PNM
strong enhancement of the E mass at high densities. On the other hand, one has ZFPNM = 1 + 2βnPNM /5 − xPNM
for the
HMT − Cn
PNM
PNM
jump in PNM. The ZF
(neutron E-mass in PNM) is still being reduced (enhanced) mainly owing to the contact Cn
≈ 0.12
since the high momentum neutron fraction in PNM xPNM
HMT ≈ 1.5% is even smaller. Consequently, the enhancement of neutron
E-mass in PNM is smaller than that in SNM. Shown in Fig. 51 is the Migdal–Luttinger jump in PNM as a function of density
within the BCS framework including both two-body and three-body forces (TBF) [380]. Similar to the findings in Ref. [379],
the TBF is found to reduce (enhance) the jump (E-mass) in PNM [380]. For comparisons, it is interesting to note that the
tensor force mainly acting between neutron–proton pairs in SNM, makes the E-mass (k-mass) in SNM higher (smaller) than
that in PNM around the Fermi surface as demonstrated in the HF and BHF calculations with only two-body forces [16].
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Fig. 50. Left: Nucleon effective E-mass in SNM (blue lines with error bars) at normal density within the uncertainty range of the shape parameter β0 of the
nucleon momentum distribution extracted using the Migdal–Luttinger theorem in comparison with predictions of earlier studies [13–15,231,370,376–378].
Taken from Ref. [105]. Right: Density dependence of both the k-mass and E-mass in the BHF + TBF and RHF model for SNM. Taken from Ref. [379]. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 51. Density dependence of the Migdal–Luttinger jump in PNM within the BCS framework.
Source: Taken from Ref. [380].

In neutron-rich nucleonic matter, an interesting quantity is the neutron–proton E-mass splitting that can be generally
expressed as
(Mn∗,E − Mp∗,E )/M = sE δ + tE δ 3 + O(δ 5 )

(148)

where sE and tE are the linear and cubic splitting coefficients, respectively. Shown in Fig. 52 are the values of sE and tE at the
nucleon Fermi momentum in nuclear matter at ρ0 within the uncertainty range of the β1 -parameter. More quantitatively,
at the lower limit, mid-value and the upper limit of the β1 -parameter, one has sE (β1 = −1) ≈ −3.29 ± 1.23, tE (β1 =
−1) ≈ −1.49 ± 1.47, sE (β1 = 0) ≈ −2.22 ± 0.84, tE (β1 = 0) ≈ −0.41 ± 0.42, sE (β1 = 1) ≈ −1.16 ± 0.64 and
tE (β1 = 1) ≈ −0.09 ± 0.05, respectively. An important feature shown in Fig. 52 is that in neutron-rich nucleonic matter, the
E-mass of neutrons is smaller than that of protons, i.e., Mn∗,E < Mp∗,E . As we discussed earlier in this review, such a splitting
was predicted by most microscopic many-body theories although its magnitude is still model and interaction dependent.
The results shown in Fig. 52 indicate that the neutron–proton E-mass splitting in ANM has an appreciable dependence on
the largely uncertain β1 -parameter characterizing the isospin-dependence of the nucleon momentum distribution near the
Fermi surface. Since the β1 -parameter is currently unconstrained but important for determining the neutron–proton E-mass
splitting in ANM, its experimental constraints are desired. Hopefully, experiments measuring the isospin dependence of SRC
using proton–nucleus scatterings involving rare isotopes in inverse kinematics and/or electron–nucleus scatterings on a
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Fig. 52. Linear and cubic splitting coefficients sE and tE at normal density within the uncertain range of the β1 -parameter characterizing the isospindependence of the nucleon momentum distribution near the Fermi surface. Source: Taken from Ref. [105].

series of isotopes as well as the nucleon spectroscopic factors from direct reactions with various radioactive beams will help
constrain the β1 in the near future.
7.8. SRC effects on the critical proton fraction for the direct URCA process to occur in protoneutron stars
Besides several indirect astrophysical consequences through the EOS of ANM especially the density dependence of nuclear
symmetry energy, the SRC-induced HMT may also have some direct impacts on some astrophysical objects and/or processes.
One such process is the cooling of protoneutron stars through neutrino emissions. In particular, the SRC may affect both the
critical proton fraction for the fast direct URCA to occur and the neutrino emissivity itself. There were some works on both
in the literature, see, e.g., Refs. [381,382]. However, to our best knowledge, there is no community consensus yet, especially
since the limited observational data available seem to favor the slow modified URCA process while some earlier studies
considering SRC effects have indicated that the critical density for the direct URCA is very low. Thus, much more efforts are
needed in this direction of research. Here we discuss only effects of the SRC-induced HMT on the critical proton fraction
xcric
kinematically. A consistent analysis of both the xcric
and emissivity may be better made by using the nucleon spectral
p
p
functions in neutron-rich matter [24].
In the presence of HMT within the simplest model for protoneutron stars consisting of npe matter only, there are not
only opening space below the Fermi surface for newcomers to occupy but those nucleons in the HMT also have more
momentum and energy to share with other particles. The critical momentum conservation condition for the direct URCA
J
p
p
process n → p + e− +ν e− to occur then generally requires knF +εFn ≤ kF +εF + keF , where εF is a measure of nucleon momentum
relative to its Fermi momentum when the SRC is considered. Including the HMT, the relation between the density and Fermi
j
p
momentum can still be approximated by kf = (3π 2 ρj )1/3 with j = p/e, thus the neutrality ρp = ρe still requires kF = keF .
J
J
p
n
One then has kF (1 + tn ) ≤ kF (2 + tp ), where tJ = εF /kF (with −1 ≤ tJ ≤ φJ ). Thus, considering the SRC-induced HMT and
J
J
using kF = const. × ρ 1/3 (1 + τ3 δ )1/3 , the general condition for the direct URCA can be written as
xp ≥ xcric
p (tp , tn ) ≡

(tn + 1)3
(tn + 1)3 + (tp + 2)3

.

(149)

In the FFG where tp = tn = 0, the above condition then gives the standard value of xcric
p (0, 0) = 1/9 ≈ 11% widely used
in the literature. While in the presence of HMT and the corresponding low-momentum depletion around the Fermi surface,
there exist some probabilities for the xcric
to be smaller than 1/9 as now particles involved can be from the HMT and dive
p
deep into the Fermi sea. The specific probability for a certain direct URCA process is proportional to the product of nucleon
momentum distributions in the initial and final state

Ppn

⎧
− ∆p ),
⎪
⎪∆n · (1
[
]
⎪
⎪
⎪
∆n · 1 − Cp /(tp + 1)4 ,
⎪
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⎪
⎪
,
⎨0
[
]
≡ P (tp , tn ) = Cn /(tn + 1)4 · (1 − ∆p ),
[
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]
⎪
⎪
4
4
⎪
⎪ Cn /(tn + 1) · 1 − Cp /(tp + 1) ,
⎪
⎪
⎪
⎪0,
⎪
⎩
0,

− 1 ≤ tn ≤ 0, − 1 ≤ tp ≤ 0,
− 1 ≤ tn ≤ 0, 0 < tp ≤ φp − 1,
− 1 ≤ tn ≤ 0, tp > φp − 1;
0 < tn ≤ φn − 1, − 1 ≤ tp ≤ 0,
0 < tn ≤ φn − 1, 0 < tp ≤ φp − 1,
0 < tn ≤ φn − 1, tp > φp − 1;
others.

(150)
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Fig. 53. Left: Product of the critical proton fraction and the relative probability at each ‘‘site’’ (relative contribution of each site in momentum-space of
neutrons and protons to the average critical proton fraction for the direct URCA to occur). Right: Critical proton fraction as a function of tmax .

For example, the first one corresponds to the process where a neutron below its Fermi surface decays into a proton below
its own Fermi surface. It is obvious that the process −1 ≤ tn ≤ 0, 0 < tp ≤ φp − 1 (the neutron is below the Fermi surface
while the available phase space for the proton is above its Fermi surface) has the largest probability. The corresponding
critical proton fraction of this channel is expected to be much smaller than 1/9 according to Eq. (149).
Considering the possibilities that both nucleons involved can be either above or below their own Fermi surfaces, a
statistical average of the critical proton fraction can be evaluated from

∑
⟨

xcric
p

i,j

⟩≡

P (iH , jH)xcric
p (iH , jH)

∑

i,j

P (iH , jH)

,

(151)

j

th
where iH = tpi and jH = tn running from −1 to a maximum value of tmax ≲ tmax
≡ φmax − 1 = φ0 (1 − φ1 ) − 1 ≈ 2.71, H
is the corresponding step size on a two-dimensional lattice in momentum-space. For instance, if −1 ≤ tmax ≤ 0, then one
artificially only takes the processes in which protons and neutrons are both under their Fermi surfaces into consideration,
indicating the probability ∆n (1 − ∆p ) is dominant. Combining both the values of tn and tp (and thus xcric
p (tp , tn )) in this
region (i.e., −1 ≤ tp/n ≤ 0) and the probability Ppn , there is no surprise that the averaged ⟨xcric
p ⟩ will be smaller than 1/9. The
j

i
xcric
p (iH , jH) is the critical proton fraction at the ‘‘site’’ (tp , tn ), see Fig. 53 for the product of the critical proton faction and the
relative probability at each ‘‘site’’. The averaged critical proton fraction ⟨xcric
p ⟩ should be obtained by including all the possible
processes with different tp and tn values. In the right window of Fig. 53, the average critical proton fraction as a function of tmax
is shown. It is interesting to see that the direct URCA processes with low threshold proton fractions even approaching zero
can occur. Generally speaking, the HMT and the low momentum depletion makes the averaged critical proton fraction much
smaller than 11%. Considering that the SRC experiments indicate a value of tmax ≈ 2.71, one thus expects that ⟨xcric
p ⟩ ≈ 2%
after including all the processes with possible tp and tn , i.e., the direct URCA process is statistically much easier to occur. This
finding is consistent with an earlier study based on different arguments [381]. To better understand the neutron star cooling
data [24,25], obviously the SRC effects on the cooling mechanism deserve further investigations.
It was suggested recently in Ref. [382] that the neutrino emissivity of the direct URCA process is reduced by a factor
η = ZFp ZFn compared to the FFG model with ZFJ being the discontinuity of nucleon J’s momentum distribution at the Fermi
momentum. In models with SRC-induced HMT, the depletion of the Fermi sphere together with the sizable value of CJ
makes the factor η much smaller than unity. However, effects of HMT nucleons not considered in Ref. [382] may enhance
the emissivity of neutrinos [381]. Thus, to our best knowledge, the net effects of the entire single-nucleon momentum
distribution modified by the SRC on both the critical density for the direct URCA process to occur and the associated cooling
rate of protoneutron stars are still unclear.

7.9. SRC effects on nucleon mean free path in neutron-rich matter
The nucleon mean free path (MFP) in neutron-rich matter is an important quantity useful for simulating heavy-ion
collisions (HICs) [19] and transmutations of nuclear wastes as well as understanding the dynamics in nuclear reactors and
collisions between two neutron stars, just to name a few. It is related to the in-medium nucleon–nucleon (NN) cross sections
1
∗
∗
−1
∗
∗
via λ−
p = ρp σpp + ρn σpn and λn = ρn σnn + ρp σnp , in the two-body collision picture. Here, λn (λp ) is the MFP of a neutron
(proton) in ANM given by [6]
J

λJ =

kR
∗,k

2MJ |WJ |

(152)
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where kR = [2M(E − UJ )]1/2 , UJ /WJ is the real/imaginary part of the nucleon optical potential. Since the SRC-induced HMT
affect either directly or indirectly all three factors in the above expression, it is interesting to investigate effects of the SRC
on the MFP. Since the total nucleon effective mass in SNM at saturation density is empirically constrained, the SRC-induced
∗,E
∗,k
∗,k
enhancement of E-mass will naturally reduce the k-mass M0 via M0 = M0∗ /M0 relation, leading to a longer nucleon MFP
according to Eq. (152). From a collisional picture, if nucleon–nucleon SRC pairs in the HMT with tensor correlations can be
considered as effective ‘‘dimers’’ [383], then the two-body scattering picture between nucleons and dimers will hold with the
average nuclear density unchanged. However, to get quantitative information about the nucleon MFP in this clustered matter
one needs more information about nucleon–dimer collision cross sections. In the following, we only discuss SRC effects on
the nucleon MFP through the nucleon k-mass in Eq. (152). This simplified approach is incomplete but can still help us get
J
some useful insight. Similar to the Lane form for the real potential, i.e., UJ ≈ U0 + Usym τ3 δ , the imaginary potential can also
J
be decomposed as WJ ≈ W0 + Wsym τ3 δ to leading order in isospin asymmetry. As W0 is generally negative [128], we have
|WJ | = −WJ at small δ . The nucleon MFP can further be written in the Lane form of λJ ≈ λ0 + λsym τ3J δ with
J

k0R

λ0 = −

(153)

∗,k

2M0 W0

being the MFP in SNM. Since k0R = [2M(E −U0 )]1/2 , the λ0 can be expressed with the parameters describing the single-nucleon
momentum distribution as

λ0 = −

k0R

/(
1+

2W0 M0∗

2
5

)
β0 − C0 − xHMT
.
SNM

(154)

Using the empirical values of the HMT parameters discussed earlier, i.e, β0 ≈ −0.27, C0 ≈ 0.161 and xHMT
SNM ≈ 28%, the
value of the parenthesis in the denominator of Eq. (154) is about 0.45 leading to an enhance of the MFP in SNM at saturation
density by a factor of about 2.2.
In neutron-rich matter, an interesting question is whether neutrons or protons have a longer MFP and how the answer
may depend on the nucleon energy as well as the density and isospin asymmetry of the medium. As we shall see, answers
to these questions also depend on our knowledge about the isospin-dependence of the SRC. For illustrations, let us consider
the isospin-dependent part of the MFP

λsym = −

M
∗,k,3

4λ0 M0

W03

·

[[

∗,k

]

M(E − U0 )sk + M0 Usym W0 + 2(E −

U0 )M0∗,k Wsym

]

,

(155)

k
where sk is the isospin splitting coefficient of the nucleon k-mass, i.e., m∗,
≡ Mn∗,k /M ≈ m0
n

∗,k

Mp /M ≈ m0
∗,k

∗,k

+ 2 sk δ , thus (mn − mp )/m0
−1

∗,k

∗,k,3

∗,k

∗,k

≈ sk δ , m0

∗,k

k
+ 2−1 sk δ and m∗,
≡
p

≡ M0 /M is the reduced nucleon k-mass in SNM. The
∗,k

front-factor in (155), i.e., −M /4λ0 M0 W03 is positive since W0 < 0. Thus the sign of λsym is determined by that of the
∗,k
∗,k
bracket, i.e., fsym = [M(E − U0 )sk + M0 Usym ]W0 + 2(E − U0 )M0 Wsym . Obviously, the dependence of fsym (thus λsym ) on
∗,k
the M0 and sk is nontrivial. Two useful features of the fsym can be obtained though: (a) since Wsym > 0 and W0 < 0 [128], a
∗,k
reduction of the M0 makes the λsym smaller at low energies, even to negative values (if sk is large enough), i.e., the MFP of
neutrons may be smaller than that of protons. (b) the Usym becomes negative above certain critical energy Ec as we discussed
∗,k
extensively in earlier sections of this review, and the term M(E − U0 )sk W0 wins the competition with 2(E − U0 )M0 Wsym
since W0 generally becomes more negative while Wsym becomes less positive, indicating the MFP of neutrons is smaller than
that of proton at high energies [384].
From the relations discussed above, it is clear that the isovector part λsym of the nucleon MFP in neutron-rich matter
depends sensitively on the isospin splittings of nucleon effective masses as well as the isospin dependence of the SRC.
However, as we discussed in the previous sections, our knowledge about these isospin splittings and dependences are
quantitatively still rather poor, although qualitatively clear. Numerical evaluations of the λsym will thus be rather model
dependent. Here we make an estimate to get some guidance with selected inputs that could be model dependent. For the
total nucleon effective mass in SNM we use M0∗ /M ≈ 0.70 ± 0.10 [20]. For the isospin splitting of the total effective mass,
we take s ≈ 0.41 ± 0.15 from analyzing the nucleon–nucleus scatterings discussed in Section 5. We also take the nucleon
∗,E
∗,E
∗,k
∗,E
k-mass splitting coefficient sk = (1/m0 )(s − sE m∗0 /m0 ) ≈ 0.50 ± 0.24 and m0 = m∗0 /m0 ≈ 0.32 ± 0.07 [386]. Moreover,
we assume that the effective masses are independent of energy. In addition, we adopt the nucleon optical potential U0 , Usym ,
W0 and Wsym obtained by Holt et al. in Ref. [128] using the chiral effective field theory incorporating the realistic chiral twoand three-body interactions over a range of resolution scales about 400–500 MeV. Shown in Fig. 54 are the resulting isoscalar
λ0 and isovector λsym parts of the MFP at ρ0 as functions of nucleon energy at saturation density. The uncertainties of λ0 and
λsym shown in Fig. 54 are mainly due to the uncertainties of those potentials [128]. A recent experimental study on the λ0
using nuclear stopping power in heavy-ion reactions is also shown for a comparison (blue solid circle), i.e., λ0 ≈ 9.5 ± 2 fm
with energy between about 35 MeV to 40 MeV [385]. The estimate indicates that at energies around/above 50 MeV nucleons
have a MFP around 10 fm in SNM at saturation density, e.g., more quantitatively, at E = 50 MeV, λ0 ≈ 10.7 ± 1.3 fm
consistent with the experimental finding. The isospin-dependent part of the MFP λsym changes sign at energies as low as
30 MeV, but its uncertainty is still too big to tell its sign at higher energies, implying that one cannot tell whether neutrons
or protons have a longer MFP at energies above 30 MeV based on the estimated results alone. It should be stressed that the
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Fig. 54. Energy dependence of the isoscalar λ0 and isovector λsym nucleon mean free path at saturation density. The blue solid circle with an error bar
represents the experimental data reported in Ref. [385].

imaginary part of the single-nucleon potential used here is not experimentally constrained. In principle, to do a consistent
analysis, both the real and imaginary parts of the single-nucleon optical potential should be constrained by the same sets
of nucleon–nucleus scatterings data. We notice that an earlier study on the nucleon MFP and its isospin dependence based
on the DBHF theory [387] found that at kinetic energies below about 60 MeV, the MFP of neutrons is longer than that of
protons. At higher energies, however, the DBHF theory predicted an approximately identical MFP for neutrons and protons,
consistent with the approximately zero value of λsym from the estimate albeit within a large error band. As discussed in some
details in Ref. [20], calculations of the isospin-dependence of MFP using various microscopic theories and phenomenological
models have given rather diverse predictions especially for high-energy nucleons. Our discussions above indicate that the
reason may be traced back again to our poor knowledge about the isospin dependence of the SRC and the isospin splittings
of nucleon effective masses.
In summary of this section, the study of nucleon E-mass using the Migdal–Luttinger theorem and its connections with
many interesting issues regarding the isospin-dependence of SRC in neutron-rich matter are truly exciting. The empirically
constrained single-nucleon momentum distribution with a HMT can already provide some useful insight about several
interesting issues. The EOS of neutron-rich matter especially the density dependence and kinetic/potential composition of
nuclear symmetry energy, the isospin dependence of the nucleon E-mass and its MFP in neutron-rich matter all depend
on the isospin dependence of the SRC. In particular, the SRC makes the symmetry energy more concave around the
saturation density, leading to an isospin-dependent incompressibility of neutron-rich matter in better agreement with the
experimental results. Moreover, it enhances the nucleon MFP in SNM at saturation density by a factor of about 2. The SRC
may also affect significantly the critical proton fraction for the direct URCA process to happen in protoneutron stars. Needless
to say, there are many interesting questions regarding the E-mass and SRC in neutron-rich matter remain to be investigated
both theoretically and experimentally.
8. Impacts of isovector nucleon effective mass on thermal and transport properties of neutron-rich matter
The momentum dependence of nuclear interactions are expected to affect dynamical processes of nuclear reactions and
thermal equilibrium properties of various systems including hot nuclei and nuclear matter. In this section, using several
examples we discuss a few specific effects of the isovector nucleon effective mass on the isospin-dependent in-medium
NN cross sections, symmetry energy of hot ANM as well as the liquid–gas phase transition and viscosity of neutron-rich
matter. While the studies of these topics are important in their own rights, results of these studies also have broad impacts
in several areas of both nuclear physics and astrophysics including nuclear reactions, supernovae explosions, neutron stars
and gravitational wave emissions from oscillations of isolated neutron stars as well as their collisions.
8.1. Effects of neutron–proton effective mass splitting on the isospin-dependence of in-medium nucleon–nucleon cross sections
In-medium NN cross sections determine transport properties, e.g., the degree and speed of reaching thermal and chemical
equilibrium of nuclear reactions at various beam energies. They are also useful for nuclear waste transmutations and nuclear
stockpile stewardship. In free-space, as shown in Fig. 55 the neutron–proton cross section is about three times that of proton–
proton (neutron–neutron) collisions below the pion production threshold. This is partially because both the iso-singlet and
iso-triplet channels contribute to neutron–proton (np) scatterings, while in proton–proton (pp) or neutron–neutron (nn)
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Fig. 55. The ratio of np over pp elastic scattering cross sections as a function of nucleon kinetic energy at various densities of nuclear medium. The solid
line is the experimental data while the dashed lines are extracted from calculations in SNM using the Bonn A potential within the Dirac–Bruckner approach
in Ref. [388]. Source: Taken from Ref. [389].

free
scatterings (σpp
) only iso-triplet channels are involved. How does this strong isospin-dependence behave in neutron-rich
matter? An accurate answer to this question is useful for understanding properties of neutron stars and nuclear reactions
especially those induced by rare isotopes. The mean-field potential and the NN scattering cross sections are two basic inputs
in transport model simulations of heavy ion collisions. In principle, they should be determined self-consistently from the
same models using the same interactions. However, due to the complexity of the problems and still rather model and
interaction dependent predictions as we have discussed to some extent in previous sections, the single-nucleon potentials
and NN scattering cross sections used in most transport models are obtained separately. In particular, the experimental
free-space NN scattering cross sections are often used as default inputs. However, it is theoretically expected and there are
reliable experimental evidences indicating that the in-medium NN cross sections are not only different from their values
in free-space but their dependences on the isospin asymmetry and density of the medium are also different for nn (pp)
and np nucleon pairs. These changes and dependences are reflections of the isovector nuclear effective interactions and the
isospin-dependent Pauli blocking for the intermediate states of NN scatterings in ANM. In SNM, as shown in Fig. 55, based
on the DBHF theory the σnp /σpp decreases with increasing density [388]. However, several other microscopic studies have
reported the opposite, i.e., the σnp /σpp ratio increases with density in SNM, see, e.g., [390–392]. This situation requires more
efforts both theoretically and experimentally to better understand the isospin dependence of in-medium NN cross sections.
Indeed, several promising probes of the isospin-dependence of in-medium NN cross sections using reactions with radioactive
beams were proposed [389].
In recent years, in a number of transport models, e.g., all versions and extensions of the IBUU transport model [19],
one uses the isospin-dependent in-medium NN cross sections obtained by extending the effective mass scaling model for
in-medium NN cross sections from SNM [6,394,395] to ANM. In such models, the NN interaction matrix elements in the
medium
nuclear medium and free space are assumed to be identical. The in-medium NN cross sections (σNN
) thus differ from
free
their free-space values (σNN ) only due to the variation in the incoming current and the density of final states. Since both
factors depend on the effective masses of the colliding nucleon pair, the in-medium NN cross sections are reduced by the
factor
medium
free
Rmedium ≡ σNN
/σNN
= (µ∗NN /µNN )2 ,

(156)

where µNN and µNN are, respectively, the free-space and in-medium reduced masses of the colliding nucleon pair.
As an example, we cite here the main results obtained in Ref. [33] using the mass scaling model with the momentumdependent interaction (MDI) [32,115,396]
∗
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⃗, τ ) = Au
UMDI (ρ, δ, p

(157)

⃗) is the phase-space distribution function at positive ⃗r
where τ = 1/2(−1/2) is the isospin for neutrons (protons); fτ (⃗r , p
⃗; x is the parameter controlling the relative contributions of the spin–singlet and spin–triplet channel in
and momentum p
the 3-body force term of the MDI energy density function. The parameters Al , Au , B, Cl , Cu , Λ, and σ are determined by the
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Fig. 56. Left panels: Neutron and proton effective masses in asymmetric nuclear matter as functions of density (upper window) and isospin asymmetry
(lower window) from the MDI interaction. Right panels: Ratio of nucleon–nucleon cross sections in nuclear medium to their free-space values as a function
of density (top window), isospin asymmetry (middle window), and momentum (bottom window).
Source: Taken from Ref. [33].

empirical properties of SNM, symmetry energy Esym (ρ0 ), the isoscalar effective mass m∗s as well as the asymptotic values of
the isoscalar U0,∞ and isovector Usym,∞ potentials at infinite momentum all at saturation density [115,396]. Shown in the left
panels of Fig. 56 are the effective masses of neutrons and protons in cold ANM at their respective Fermi surfaces as functions
of density (upper window) and isospin asymmetry (lower window) using the Eq. (156) [33]. It is seen that neutrons have a
larger effective mass than protons in neutron-rich matter. We notice that these are all total effective masses as the on-shell
dispersion relation has been used. Moreover, the neutron–proton effective mass splitting increases with both the density
and isospin asymmetry of the nuclear medium. Shown in the right panels of Fig. 56 is the reduction factor Rmedium for two
colliding nucleons having the same magnitude of momentum p as a function of the density (upper window), the isospin
asymmetry (middle window), and the nucleon momentum (bottom window). Interestingly, one can see that not only the
NN cross sections are reduced compared to their values in free space, but the cross sections for nn are larger than those for
pp pairs in neutron-rich matter although their free-space values are identical. Moreover, their difference becomes larger in
more neutron-rich matter due to the positive neutron–proton effective mass splitting in neutron-rich matter with the MDI
interaction.
It is interesting to note that the above results are qualitatively consistent with calculations using the DBHF theory [393]
for colliding nucleon pairs with relative momenta less than about 240 MeV/c at densities less than about 2ρ0 . For example,
shown in the left window of Fig. 57 are in-medium pp cross sections in SNM at several densities in comparison with its freespace values as functions of the p–p relative momentum in their CMS. The reduction of the pp cross section with increasing
density is obvious and consistent with predictions by other models. It is seen in the right window that cross sections for pp
and nn split in ANM, and their difference increases with the increasing isospin-asymmetry α , qualitatively consistent with
results from the scaling model discussed above.
As one can imagine, in heavy-ion collisions, the density and isospin asymmetry evolve with time. One thus needs to
evaluate nucleon effective masses and the corresponding in-medium NN cross sections dynamically. To illustrate these,
we present an example from the IBUU04 calculations in Ref. [33]. Shown in the left window of Fig. 58 are the correlation
between the average nucleon effective mass and the average nucleon density (top), and the distribution of nucleon effective
masses (bottom) at the instant of 10 fm/c in the reaction of 132 Sn+124 Sn at a beam energy of 50 MeV/A and an impact
parameter of 5 fm. The maximum density reached at 10 fm/c is about 1.4ρ0 . Indeed, as expected, the nucleon effective
masses decrease with increasing density and the neutron–proton effective mass splitting increases slightly at supra-normal
densities reached in the reaction. Shown on the right of Fig. 58 are the distributions of the NN cross section reduction factor
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Fig. 57. Left: Proton–proton cross sections in free space and in SNM at saturation density and in-medium cross sections at several abnormal densities as
functions of the nucleon momentum in the 2-nucleon c.m. frame. Right: Ratios of the pp and nn cross sections to their free-space values as a function of
the isospin asymmetry α near the saturation density and fixed 2N relative momentum. Source: Taken from Ref. [393].

Fig. 58. Left: The correlation between the average nucleon effective mass and the average nucleon density (top), and the distribution of nucleon effective
masses (bottom) in the reaction of 132 Sn+124 Sn at a beam energy of 50 MeV/A and an impact parameter of 5 fm. Right: The distribution of the reduction
factor of in-medium NN cross sections in the reaction of 132 Sn+124 Sn at a beam energy of 50 MeV/A and an impact parameter of 5 fm at instants t = 10, 50
and 100 fm/c, respectively. The inset is the time evolution of the central density in the reaction. Source: Taken from Ref. [33].

Rmedium in the reaction considered at three instants approximately corresponding to the compression, expansion and freezeout stages of the reaction. The Npair (∆r < 2.5 fm) is the number of nucleon pairs with spatial separations less than 2.5 fm,
representing potential colliding pairs whose scattering cross section will be reduced by the factor Rmedium . As shown, as much
as 50% reduction occurs for NN scatterings in the early stage of the reaction while as the system expands the average density
decreases, the reduction factor Rmedium then gradually goes towards 1 in the later stage of the reaction.
8.2. Effects of neutron–proton effective mass splitting on nuclear symmetry energy at finite temperatures
The nucleon effective mass, or equivalently, the momentum dependence of the nuclear mean-field potential, affects the
thermodynamic properties of nuclear matter through the occupation probability in momentum-space at finite temperatures.
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Fig. 59. Momentum dependence of the symmetry potential (left) and the density dependence of the nuclear symmetry energy (right) from the improved
momentum-dependent interaction (ImMDI) with different y parameters but fixed x and z parameters. Source: Taken from Ref. [109].

Here we focus on discussing its effects, especially those of the isovector nucleon effective mass, on the symmetry energy
of hot neutron-rich matter using two examples. By comparing calculations using three interactions with characteristically
different momentum dependences leading to neutron–proton effective mass splitting to be zero, positive and negative, it
was first shown in Ref. [397] that the resulting kinetic and potential contribution to the total symmetry energy at finite
temperature can both be rather different. This conclusion was later confirmed using other interactions [50,109].
As an example, let us first discuss results from a self-consistent thermodynamical calculation using an Improved
Momentum-Dependent Interaction (ImMDI), see, e.g., Ref. [109] and references therein. The MDI interaction of Eq. (157)
was improved by refitting the momentum dependence of the nucleon isoscalar optical potential up to nucleon kinetic energy
of 1 GeV and introducing an additional parameters y to adjust the asymptotic behavior of the symmetry potential at high
momenta. As we discussed extensively earlier, the high-momentum behavior of the symmetry potential and whether/where
it may become negative are very uncertain. The y parameter facilitates probing the high-momentum behavior of the
symmetry potential, thus the neutron–proton effective mass splitting. Fig. 59 compares the momentum dependence of
the symmetry potential and the density dependence of the nuclear symmetry energy with three different y values but a
fixed value for the x parameter at zero temperature. It is seen that with y = −115 (115) MeV one obtains a decreasing
(increasing) symmetry potential with increasing nucleon momentum, and thus a larger (smaller) effective mass for neutrons
than protons in neutron-rich medium. Moreover, since the momentum dependence of the symmetry potential affects the
nuclear symmetry energy according to the HVH theorem as we discussed earlier, changing the y value also modifies the
density dependence of the symmetry energy as shown in the right window.
Using the ImMDI parametrization, it was found that the parameter sets (x = 0, y = −115 MeV) and (x = 1, y = 115 MeV)
lead to almost identical nuclear symmetry energy but different neutron–proton effective mass splittings. The two parameter
sets were then used to investigate effects of the neutron–proton effective mass splitting on thermodynamic properties of
neutron-rich nuclear matter. The left window of Fig. 60 compares the different neutron and proton occupation probabilities
in ANM with the two parameter sets. It is seen that the (x = 0, y = −115 MeV) parameter set leads to a more diffusive
occupation probability for neutrons than protons. This is understandable since this parameter set leads to a larger effective
mass for neutrons than protons especially at low nucleon momenta. After the self-consistent iteration, the momentum
distribution in Fig. 60 is then favored to reach a lower energy of the system.
The different neutron and proton momentum distributions from using different neutron–proton effective mass splittings
will impact thermodynamic properties of neutron-rich matter. The right window of Fig. 60 displays the kinetic and potential
contribution to the symmetry energy as well as the total symmetry energy at various temperatures with m∗n > m∗p and
m∗n < m∗p obtained by using the two ImMDI parameter sets. It is seen that the kinetic contribution for m∗n > m∗p increases
with increasing temperature, while that for m∗n < m∗p decreases with increasing temperature. This can be understood
from their different momentum distributions as shown in Fig. 60, since a more diffusive neutron momentum distribution
leads to a larger kinetic contribution to the nuclear symmetry energy. On the other hand, the potential contribution
decreases with increasing temperature for m∗n > m∗p but remains almost unchanged for m∗n < m∗p , from a self-consistent
thermodynamic calculation. Their combined effect leads to the different temperature dependence of the total symmetry
energy, with m∗n < m∗p resulting in a decreasing symmetry energy with increasing temperature, while m∗n < m∗p resulting
in a weaker temperature dependence and the symmetry energy may increase with increasing temperature above a certain
density. Displayed in the right window of Fig. 61 are the symmetry potential and the neutron–proton effective mass splitting
at different densities and temperatures. It is seen that the symmetry potential becomes flatter at lower densities while
steeper at higher densities. In addition, the symmetry potential decreases with increasing temperature for m∗n > m∗p
using the (x = 0, y = −115 MeV) parameter set while increases with increasing temperature for m∗n < m∗p with the
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Fig. 60. Left: Neutron and proton occupation probability in momentum space with different isospin splittings of nucleon effective mass in neutron-rich
matter from the ImMDI interaction. Right: Density dependence of the kinetic (top panels) and potential (medium panels) contribution to the symmetry
energy as well as the total symmetry energy (bottom panels) at various temperatures with different neutron–proton effective mass splittings from the
ImMDI interaction. Source: Taken/modified from Ref. [109].

Fig. 61. Momentum dependence of the symmetry potential and the neutron–proton effective mass splitting at various densities and temperatures.
Source: Taken from Ref. [109].

(x = 1, y = 115 MeV) parameter set, especially at lower densities. It is seen that the neutron–proton effective splitting is
generally larger at lower momenta and/or higher densities, and the splitting is generally weaker at higher temperatures.
The effects of the neutron–proton effective mass splitting on the nucleon momentum distribution and the nuclear
symmetry energy have also been investigated using the Skyrme–Hartree–Fock functionals corresponding to 7 groups of
interactions with m∗p = m∗n > m, m∗p = m∗n = m, m∗p = m∗n < m, m∗p < m < m∗n , m∗p < m∗n < m, m > m∗p > m∗n ,
and m∗p > m∗n > m [50]. Fig. 62 compares the temperature dependence of the symmetry energy with typical Skyrme
parametrizations in each group, with the subfigures ordered by the ratio Rm of the effective mass in pure neutron matter
and that in symmetric matter, and R0m is the ratio at saturation density. It is seen that for the groups with m∗n > m∗p , the
symmetry energy can increase with increasing temperature when the density is above a certain value. This phenomenon,
called the transition of the temperature dependence of the symmetry energy in Ref. [50], has also been observed in Fig. 60.
Fig. 63 further displays the correlation between the neutron–proton effective mass and the temperature dependence
of the symmetry energy for the Skz-series of the Skyrme forces. The authors of Ref. [50] defined Rτ as the ratio between
the increase in the kinetic energy density from zero temperature to finite temperature in pure neutron matter and that in
symmetric matter. Rm reflects explicitly the neutron–proton effective mass splitting, while the symmetry energy decreases
with increasing temperature if Rm /Rτ > 1, and vice versa. Obviously, one can see a strong correlation between the
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Fig. 62. Density dependence of the symmetry energy at various temperatures from different groups of Skyrme–Hartree–Fock interactions. Here m∗ is the
reduced nucleon effective mass m∗ /m. Source: Modified from Ref. [50].

temperature dependence of the symmetry energy and the ratios Rm as well as Rτ . Similar to that observed in Fig. 60,
the different temperature dependence with different neutron–proton effective masses can be attributed to the occupation
probability in momentum space.
8.3. Effects of nucleon effective masses on the liquid–gas phase transition and differential isospin fractionation in neutron-rich
matter
The liquid–gas phase transition in SNM and the role of isoscalar nucleon effective mass on the level density and
the limiting temperature extracted from nuclear reactions have been extensively studies over a long time, see, e.g.,
Refs. [398–401]. It is well known that nuclear liquid–gas phase transition in neutron-rich matter has some interesting new
features, such as the order of phase transition, compared to that in SNM, see e.g., Refs. [402–404]. It is also well known that
these new features depend sensitively on the isovector interactions [19,134]. However, to our best knowledge, effects of
the isovector nucleon effective mass on the liquid–gas phase transition have not been studied as extensively as those of the
isoscalar one yet. Nevertheless, it is interesting to review a few useful results here. As we have discussed earlier, the MDI
has the characteristics that it gives a positive neutron–proton effective mass splitting while the latter is controlled by the
y parameter in the ImMDI. To investigate effects of the neutron–proton effective mass splitting in the MDI, the following
Momentum-Independent Interaction (MID) giving the same density dependence of symmetry energy as the MDI for a given
value of the x parameter was constructed [396]
UMID (ρ, δ, τ ) = α

( )γ
ρ
ρ
+β
+ U asy (ρ, δ, τ ),
ρ0
ρ0
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(159)

In the above, the parameter α , β , and γ were fixed by the binding energy E0 and the incompressibility K0 at the saturation
density ρ0 , and F (x) and G(x) are fitted to reproduce the same density dependence of symmetry energy as the MDI for a given
value of the x parameter [396].
In the left window of Fig. 64 the density dependence of nuclear symmetry energy in the MDI with different x parameters
are shown. The right window compares the binodal surfaces of nuclear liquid–gas phase transition from the MDI and MID
with different parameter x in the pressure–isospin asymmetry plane (please note the different color codes used in the two
windows). The binodal surface was obtained by plotting rectangles in the chemical potential isobars [405,406], such that
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Fig. 63. Symmetry energy (first row), total binding energy (second row), nucleon effective mass (third row), and the ratios Rm and Rτ (bottom row) from
three Skyrme interactions in the Skz-series. Source: Taken from Ref. [50].

Fig. 64. Left: The density dependence of nuclear symmetry energy with different values of the x parameter used in the momentum-dependent interaction
(MDI). Taken from Ref. [396]. Right: The binodal surface for nuclear liquid–gas phase transition at a temperature T = 10 MeV from MDI and MID with
different parameter x. CP, EC, and MA represent the critical point, the equal condensation, and the maximum asymmetry point of the binodal surface. Taken
from Ref. [405]. Note the different color codes used in the two windows.

the vertexes angle of the rectangles representing the liquid and the gas phase satisfy the Gibbs condition, i.e., the same
pressure, chemical potential and temperature. Inside the binodal surface is the mixed phase of the liquid and the gas, the
left-hand side of it is the liquid phase, and the right-hand side is the gas phase. The parameter x = 0 leads to a softer
symmetry energy and a larger area of the mixed phase region, compared to the results with x = −1. On the other hand, the
momentum-dependent interaction leads to a higher critical point (CP), a slightly higher equal condensation (EC) point, and
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Fig. 65. The binodal surface of nuclear liquid–gas phase transition (left) and the ratio of neutron/proton in the gas phase with respect to that in the liquid
phase (right). Source: Taken from Ref. [109].

also a larger area of the mix phase region, although the isospin asymmetry δ at the maximum asymmetry (MA) point is not
affected. The different liquid–gas binodal surfaces from the MDI and MID can be intuitively understood from their different
occupation probabilities [405]. For the MID, the more diffusive momentum distribution can be understood as an effectively
higher temperature. Since the area of the mixed phase region generally decreases at higher temperatures, this explains why
the MDI has a larger mixed phase region in the P–δ plane.
While the results and discussions above are useful, we notice that the comparisons presented there cannot tell the
respective effects of the isoscalar and isovector nucleon effective mass. In this regard, studies with the ImMDI interaction
are more useful as the underlying neutron–proton effective mass splitting in the ImMDI can be varied under controlled
conditions. As shown in the left panel of Fig. 65, the parameter sets (x = 0, y = −115 MeV) and (x = 1, y = 115 MeV)
with the same equation of states but different neutron–proton effective masses give similar liquid–gas phase boundaries,
although there is a visible difference near the CP. Thus, the difference in the MDI and MID phase boundaries observed in the
right window of Fig. 64 is mainly due to the isoscalar nucleon effective mass. Another interesting phenomenon related to
the neutron–proton effective mass splitting is the differential isospin fractionation in the liquid and gas phase. In ANM, to
minimize its total energy the high-density liquid phase is generally less neutron-rich than the low-density gas phase due to
the Esym (ρ ) · δ 2 term in its EOS. However, it is found in Ref. [407] that the liquid phase can be more neutron-rich for energetic
nucleons. It was later understood that this is related to the neutron–proton effective mass splitting or the momentum
dependence of the nuclear symmetry potential. On the other hand, the energetic nucleons for (x = 0, y = −115 MeV)
with m∗n > m∗p can be more neutron-rich in the liquid phase, while (x = 1, y = 115 MeV) with m∗n < m∗p gives the opposite
results. As found in Ref. [407], the double ratio of neutron and proton in the gas (G) and liquid (L) phase is related to the
momentum dependence of the symmetry potential through the relation
(n/p)G
(n/p)L

(p) ≈ exp[−2(δG · Usym (p, ρG ) − δL · Usym (p, ρL ))],

(160)

where δG(L) and ρG(L) are respectively the isospin asymmetry and the density of the gas (liquid) phase. The results in Fig. 65
can thus be understood from Fig. 61, since the symmetry potential at high momenta becomes negative for m∗n > m∗p but
remains positive for m∗n < m∗p .
8.4. Effects of nucleon effective masses on the viscosity and thermal conductivity of neutron-rich matter
While the general concepts of various transport coefficients can be found in many standard textbooks and their values
have been calculated for many systems in various fields, transport properties of hot and dense nuclear matter were
systematically studied by Danielewicz in Ref. [408] by linearizing the Boltzmann–Uehling–Uhlenbeck (BUU) equation.
Shown in Fig. 66 are the shear viscosity and thermal conductivity as functions of density and temperature from this approach.
The large transport coefficients at lower temperatures are due to the Pauli blocking which is stronger at higher densities.
The dotted lines are the first-order Chapman–Enskog coefficients from
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Fig. 66. Temperature dependence of the shear viscosity (upper panel) and thermal conductivity (lower panel) of nuclear matter at different densities.
Dotted lines are Chapman–Enskog results with an effective cross section of 30 mb. Source: Taken from Ref. [408].

with an effective cross section σ̃ ≈ 30 mb. The density and temperature dependences of the shear viscosity and thermal
conductivity were further parameterized as [408]

η ≈ (1700/T 2 )(n/n0 )2 + [22/(1 + T 2 × 10−3 )](n/n0 )0.7 + 5.8T 1/2 /(1 + 160/T 2 ),

(163)

κ ≈ (0.15/T )(n/n0 )1.4 + [0.02/(1 + T 4 /7 × 106 )](n/n0 )0.4 + 0.0225T 1/2 /(1 + 160/T 2 ).

(164)

These parameterizations have been used in recent years in studying the viscosity of hot and dense matter formed in heavyion collisions [409,410] by assuming that a local thermal equilibrium has been reached in the reactions.
The transport coefficients are expected to be affected by the nucleon effective mass in two ways. First, the nucleon
effective mass affects the flux since the velocity is p/m∗ . Second, the nucleon effective mass affects the NN scattering
cross sections through the effective mass scaling as we discussed earlier in this section, i.e., the in-medium scattering cross
section between nucleon-1 and nucleon-2 is proportional to [m∗1 m∗2 /(m∗1 + m∗2 )]2 . The isovector nucleon effective mass is
expected to play a special role in determining the transport properties of neutron-rich matter. For example, a recent study
of effects of the neutron–proton effective mass splitting on the shear viscosity of neutron-rich nuclear matter through the
relaxation time approach using the ImMDI interaction was found very fruitful. As mentioned above, the parameter sets of
(x = 0, y = −115 MeV) and (x = 1, y = 115 MeV) lead respectively to m∗n > m∗p and m∗n < m∗p but almost the same
symmetry energy, thus providing a convenient way to explore effects of the neutron–proton effective mass splitting from
model comparisons. Here we outline the major steps and results of the study in Ref. [29]. In neutron-rich nuclear matter, the
relaxation time ττ (p1 ), i.e., the average collision time for a nucleon with isospin τ and momentum p1 , can be expressed as
1

ττ (p1 )

=

1

ττsame (p1 )

+

1

ττdiff (p1 )

,

(165)

with ττsame (diff) (p1 ) being the average time for this nucleon to collide with other nucleons of the same (different) isospin. They
can be calculated from

⏐
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Fig. 67. Total relaxation times for neutrons and protons and those for colliding with another nucleon of the same or a different isospin.
Source: Taken from Ref. [29].
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∫

p22 dp2 d cos θ12 d cos θ

(167)

where d = 2 is the spin degeneracy, n0 is the equilibrium occupation probability, i.e., the Fermi–Dirac distribution, and στ ,τ
and στ ,−τ are the collision cross sections for nucleon pairs with the same or different isospin, respectively. The NN scattering
cross sections in free space are taken from Ref. [411] while their in-medium values are calculated using the effective mass
scaling model discussed earlier. In addition, the cross sections are assumed to be isotropic.
Fig. 67 demonstrates effects of the neutron–proton effective mass splittings and NN scattering cross sections on the
relaxation times for neutrons and protons. It is seen that the relaxation time is always smaller for colliding with nucleons of
a different isospin. This is due to the larger degeneracy factor in Eq. (167) and the fact that np has a larger cross section than
nn (pp). On the other hand, protons have a smaller total relaxation time and thus experience more frequently scatterings
than neutrons in neutron-rich nuclear matter, since the total relaxation time is dominated by the τ diff which is smaller than
τ same . The in-medium NN scattering cross sections are generally smaller than those in free space, enhancing significantly the
relaxation time. It will be shown later that the shear viscosity is mostly determined by the neutron relaxation time. More
quantitatively, it is similar for m∗n > m∗p and m∗n < m∗p using the free-space cross sections, but is larger for m∗n < m∗p than for
m∗n > m∗p when the isospin-dependent in-medium cross sections from the effective mass scaling are used.
In the relaxation time approach, the shear viscosity is calculated by assuming that in the uniform nuclear system there
exists a static flow field in the z direction with a flow gradient in the x direction. The shear force, which is related to
the nucleon flux as well as the momentum exchange between flow layers, is proportional to the flow gradient, and the
proportionality coefficient, i.e., the shear viscosity, turns out to be [412]

η=

∑
τ

−

∫

d
(2π )3

ττ (p)

p2z p2x dnτ
pm⋆τ dp

dpx dpy dpz .

(168)

It is clear that the flux between flow layers is affected by the effective mass in the denominator as well. Moreover, the shear
viscosity is proportional to the gradient of the occupation probability which is larger near the Fermi surface and dominated
by the neutron relaxation time, since the Fermi surface of neutrons is sharper in neutron-rich nuclear matter.
The shear viscosity is often scaled by the entropy density s, which is approximated by that for free nucleons from the
occupation probability as
s=−

∑ ∫
d

τ

[nτ ln nτ + (1 − nτ ) ln(1 − nτ )]

d3 p
(2π )3

.

(169)
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Fig. 68. Specific shear viscosity η/s as a function of temperature (left) and density (right) from the free-space (upper) and in-medium (lower) nucleon–
nucleon scattering cross sections from the relaxation time approach. Source: Taken from Ref. [29].

Although the neutron–proton effective mass splitting affects the occupation probability, it is found that the effect on the
entropy density is small as a result of the momentum integral. The temperature and the density dependence of the specific
shear viscosity, i.e., the ratio of the shear viscosity to the entropy density η/s, are displayed in Fig. 68. Since η/s was proposed
to have a lower boundary of h̄/4π , the unit of the specific shear viscosity is taken as h̄/4π . Similar to that observed in Fig. 66,
the specific shear viscosity generally increases with increasing density and/or decreasing temperature, as a result of the Pauli
blocking effect. The specific shear viscosity is larger for m∗n < m∗p than for m∗n > m∗p even using the free-space cross sections.
This is because that the neutron flux between flow layers is enhanced for m∗n < m∗p , and the neutron dynamics dominates
the shear viscosity of the neutron-rich medium. With the isospin-dependent modifications of the in-medium NN scattering
cross section, the difference of η/s between results with m∗n < m∗p and m∗n > m∗p is further enhanced.
The dependence of the specific shear viscosity on the isospin asymmetry of neutron-rich nuclear matter is further
displayed in Fig. 69 using the in-medium cross sections and different neutron–proton effective mass splittings. As expected,
the specific viscosity increases with increasing isospin asymmetry of the nuclear medium. It is seen that generally the η/s
increases faster than the parabolic relation, i.e., η/s ∝ δ 2 , especially at higher densities or low temperatures. The calculation
with m∗n < m∗p leads to a larger η/s than that with m∗n < m∗p , and the effect is larger at higher isospin asymmetries.
It is well known that the specific shear viscosity generally has a minimum near phase transitions. It is thus interesting to
examine the specific shear viscosity near the nuclear liquid–gas phase transition and its dependence on the neutron–proton
effective mass splitting. As shown in the upper panels of Fig. 70, the original S-shaped entropy per nucleon is modified
to a smooth curve from the Gibbs construction during a nuclear liquid–gas phase transition, when the nuclear system is
heated at a fixed pressure of P = 0.05, 0.10, and 0.15 MeV/fm3 . As shown in the lower panels of Fig. 70, the specific shear
viscosity indeed has a minimum near the phase transition. As shown in Ref. [413], the minimum value of η/s depends on
the temperature or the pressure of the system, and the lowest value can be as small as (4 − 5)h̄/4π . The neutron–proton
effective mass splitting affects the specific shear viscosity at the low-temperature liquid side, but has almost no effect on
the high-temperature gas side. This shows that the nuclear liquid–gas phase transition indeed follows approximately the
established universal pattern of having a minimum of η/s near phase transitions, not much affected by the uncertainty in
neutron–proton effective mass splitting.
The shear viscosity η and the thermal conductivity κ of nuclear matter can also be obtained from the Abrikosov–
Khalatnikov approximation [414–416]

ηT 2 =
κT =

1
20
1
12

ρvF2 W (ρ )C (λ),

(170)

vF2 pF W (ρ )H(µ),

(171)
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Fig. 69. Dependence of the specific shear viscosity η/s on the isospin asymmetry δ of neutron-rich nuclear matter.
Source: Taken from Ref. [29].

Fig. 70. Entropy per nucleon (upper panel) and the specific shear viscosity (lower panel) as a function of the temperature in nuclear matter at a fixed
external pressure near the nuclear liquid–gas phase transition (LGPT). Source: Taken from Ref. [29].

with
W − 1 (ρ ) =

1
2ϵF

∫
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0
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√
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σ (E , θ ).

(172)

In the above, T is the temperature and ρ is the nucleon density; vF = pF /m∗ is the Fermi velocity with m∗ the effective
mass. C (λ) and H(µ) are correction factors and their detailed forms can be found in Refs. [415,416]. In terms of the G matrix
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Fig. 71. (a) Neutron–neutron differential cross sections in pure neutron matter. (b) Neutron–neutron differential cross section in pure neutron matter,
symmetric, and β -stable nuclear matter. (c) neutron–proton differential cross section in pure neutron matter (PNM), symmetric nuclear matter (SNM), and
β -stable nuclear matter. The free cross section is also plotted for comparison. Source: Taken from Ref. [414].
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the in-medium nn (pp) and np cross sections can be expressed as [414,417]
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In the work of Zhang et al. [414,417], the GSS S ′ were obtained from the Brueckner theory using the Bonn B potential. Similar
z z
to the relaxation time approach discussed earlier, it is seen that the nucleon effective mass affects the transport coefficients
through the Fermi velocity vF = pF /m∗ and the effective mass scaling of the in-medium scattering cross sections. Moreover,
the G matrix elements are obtained self-consistently from the nuclear interaction and thus contains the information of the
nucleon effective mass as well. The resulting differential cross sections in free space, PNM, SNM and β -stable nuclear matter
are displayed in Fig. 71. The cross sections are more forward and backward peaked in free space or at lower densities, and
more isotropic at higher densities. The nn scattering cross section becomes smaller and more isotropic with decreasing
isospin asymmetry, while the np scattering cross section is forward–backward asymmetric mainly because of the mixing of
S and D waves due to the tensor force.
Fig. 72 displays their results of the shear viscosity from the Abrikosov–Khalatnikov approximation and the Brueckner
theory. The resulting shear viscosity increases with increasing density, and the shear viscosity with in-medium cross sections
is larger than that from using the free-space cross sections. Again, in neutron-rich matter such as the β -stable matter, as
shown in panel (a) of Fig. 72, the viscosity of neutrons is much larger than that of protons, and thus dominates the shear
viscosity of the whole system. In panel (b), it is seen that the neutron viscosity becomes larger with the increasing isospin
asymmetry of the system. As shown in panel (c), Benhar et al. [418] predicted a larger shear viscosity. This is mainly because
their model also predicted a different density dependence of the symmetry energy and a more neutron-rich β -stable nuclear
matter. Results by Yakovlev et al. [419] were obtained from a fixed nucleon effective mass m∗ /m = 0.8. The shear viscosity
of electrons is shown to be much smaller than that of neutrons.
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Fig. 72. (a) Neutron and proton viscosity in β -stable nuclear matter. (b) Neutron viscosity in pure neutron matter (PNM), symmetric nuclear matter (SNM),
and β -stable nuclear matter. (c) Comparison of the neutron viscosity from the Abrikosov–Khalatnikov approximation and the Brueckner theory with other
calculations in β -stable nuclear matter. Source: Taken from Ref. [414].

Fig. 73. (a) Thermal conductivity in pure neutron matter (PNM), symmetric nuclear matter (SNM), and β -stable nuclear matter. (b) Comparison of the
thermal conductivity from the Abrikosov–Khalatnikov approximation and the Brueckner theory with other two methods in pure neutron matter.
Source: Taken from Ref. [414].

The thermal conductivity in pure neutron matter, symmetric nuclear matter, and β -stable nuclear matter is displayed in
panel (a) of Fig. 73. Its dependence on the density, isospin asymmetry, and the in-medium modifications of NN cross sections
are qualitatively similar to the shear viscosity. As shown in panel (b), their results are similar to those obtained from other
two calculations using the G Matrix method and correlated-base function (CBF) [419,420].
In summary of this section, the space–time non-locality of isovector interactions through the isovector nucleon effective
mass or the neutron–proton effective mass splitting has multifaceted effects on thermal and transport properties of neutronrich matter. The in-medium NN cross sections in neutron-rich matter are modified differently from those in SNM due to the
neutron–proton effective mass splitting and its dependence on the density and isospin-asymmetry of the medium. Both
microscopic theories and phenomenological models have been used to study the in-medium NN cross sections. However,
significant model and interaction dependences still exist. Because the isovector nucleon effective mass affects the occupation
probability of neutrons and protons differently in neutron-rich matter, essentially all thermodynamical variables can be
affected by the neutron–proton effective mass splitting. Self-consistent thermodynamical calculations have shown that
the symmetry energy at finite temperature depends sensitively on whether the single-nucleon potential is momentum
dependent or not and how the neutron–proton effective mass splitting varies with density and isospin asymmetry of the
medium. Effects of the isoscalar effective mass on the liquid–gas phase boundary in the pressure versus isospin asymmetry
plane is appreciable, while the neutron–proton effective mass splitting affects the differential isospin fractionation. However,
the latter does not alter much the viscosity/entropy ratio in the gas phase. Within several different approaches, the shear
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Fig. 74. Left: Isospin asymmetry (upper) and neutron–proton differential transverse flow (lower) of free nucleons as a function of rapidity. Right: The ratio
of free neutron to proton multiplicity as a function of transverse momentum at midrapidity. The black solid (green dashed) lines are calculated with the
momentum-independent (-dependent) symmetry potential corresponding to m∗n−p = 0 (m∗n−p > 0). Source: Taken from Ref. [32].

viscosity η and the thermal conductivity κ of neutron-rich matter were found to depend on the neutron–proton effective
mass splitting in non-trivial ways through the isospin dependence of both the particle flux and NN in-medium scattering
cross sections in neutron-rich matter.
9. Impacts of isovector nucleon effective mass on heavy-ion reactions at low and intermediate energies
The isospin dynamics of heavy-ion reactions is determined by both the symmetry potential and the in-medium NN cross
sections which depend on the isovector nucleon effective mass as we discussed in the previous section. These two factors
are both determined by the same underlying isovector interaction and closed related with each other. In particular, the
isovector nuclear effective mass characterizes the momentum dependence of the symmetry potential. In fact, the symmetry
energy itself depends on the isoscalar effective mass through the kinetic term as well as both the magnitude and momentum
dependence of the symmetry potential as we discussed earlier in detail.
Heavy-ion reactions, especially those involving rare isotopes, provide a unique means in terrestrial laboratories to create
dense neutron-rich matter, thus opportunities to study the density and momentum dependence of nuclear symmetry
potential and the associated isovector nucleon effective mass at abnormal densities. Most isospin-sensitive observables
make use of the fact that neutrons and protons feel the opposite symmetry (Lane) potential, being repulsive (attractive)
for neutrons (protons) at low energy/momentum but the sign may flip above certain inversion momentum as we discussed
earlier. The low-intermediate energy heavy-ion reaction community has focused on constraining the magnitude and slope
of the symmetry energy mostly around and below the saturation density over the last decade. Much progress has been
made and indeed strong constraints have been obtained, see, e.g., Ref. [182]. However, not much about the isovector
nucleon effective mass even at the saturation density has been extracted from nuclear reactions yet while both theoretical
and experiments efforts are continuously being made. In this section, we review transport model predictions on reaction
observables sensitive to the momentum dependence of the symmetry potential and comment on some recent efforts to
constrain it by comparing with some experimental data from NSCL/MSU.
9.1. Transport model predictions on observables sensitive to the momentum dependence of the symmetry potential in heavy-ion
reactions at intermediate energies
First of all, despite of the quantitative discrepancies of transport model predictions on some observables, it is encouraging
to note that several transport models have consistently predicted that the ratio of energetic nucleons at either high rapidities
or transverse momenta is sensitive to the neutron–proton effective mass splitting [32–38]. For example, shown in Fig. 74 are
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Fig. 75. Left: Isospin asymmetry of the gas phase as a function of time in central 132 Sn+124 Sn collisions at 50A MeV for two opposite choices of mass
splitting and nuclear symmetry energy. Taken from Ref. [34]. Right: Rapidity dependence of neutron–proton differential directed flow for nucleons with
large transverse velocities produced in mid-central 197 Au+197 Au collisions at 400A MeV. Taken from Ref. [38].

(1) (upper left) the average isospin asymmetry δfree (y) of free nucleons and (2) (lower left) the neutron–proton differential
transverse flow
x
Fn-p
(y) ≡

N(y)
∑

(pxi wi )/N(y)

(175)

i=1

where wi = 1(−1) for neutrons (protons) and N(y) is the total number of free nucleons at rapidity y from IBUU04 model
calculations using the MDI interaction for 132 Sn+124 Sn reactions at a beam energy of 400 MeV/nucleon and an impact
parameter of 5 fm [32]. Shown on the right is the n/p ratio of mid-rapidity nucleons within |ycms /ybeam | ≤ 0.3 as a function of
transverse momentum pt . Its overall decrease towards lower pt is due to the Coulomb force on protons. The two calculations
with and without the momentum-dependence of the symmetry potential are done with interactions constructed to give the
same density dependence of nuclear symmetry energy. However, they were constructed to have either m∗n-p = 0 (black)
or m∗n-p > 0 (green), respectively. The value of δfree (y) reflects mainly the degree of isospin fractionation between the free
nucleons and the bound ones at freeze-out of the reaction. At mid-rapidity, the δfree (y) values are close to the value expected
when a complete isospin equilibrium is established in the reaction. It is interesting to see that with m∗n-p = 0, the δfree (y)
is significantly higher than that with m∗n-p > 0. Moreover, the difference tends to increase with rapidity. These features are
what one expects from the different strength of the symmetry potential with or without the momentum dependence [32].
In the case of m∗n-p = 0, the symmetry potential is a constant while it decreases with increasing momentum in the case of
m∗n-p > 0. It is seen clearly that effects of the neutron–proton effective mass splitting are stronger on energetic nucleons
at high rapidities or transverse momenta. Several other observables, such as the 3 H-3 He yield ratio and their difference
as a function of energy/rapidity/transverse momentum have also been studied, reaching similar conclusions, see, e.g.,
Ref. [421].
The above features were further confirmed at different collision energies and from different transport models [34,38].
Shown in the left part of Fig. 75 are the time evolutions of the gas phase isospin asymmetry for different nuclear symmetry
energies and neutron–proton effective mass splittings in central 132 Sn+124 Sn collisions at 50A MeV based on simulations
using a Boltzmann–Nordheim–Vlasov type transport model [34]. The gas phase is defined as nucleons with local density
smaller than ρ0 /8. The solid horizon line shows the initial asymmetry of the system. At the early compression stage (t < 60
fm/c), a stiffer symmetry energy leads to a higher isospin asymmetry of the gas phase, but this trend is reversed later when
the low-density emission becomes important. The choice of m∗n > m∗p results in the reduced emission of fast neutrons.
The effect is more pronounced at the early stage (t < 60 fm/c), when most energetic particles are emitted from the highdensity phase. The right part of Fig. 75 shows the rapidity dependence of the neutron–proton differential directed flow in
mid-central 197 Au+197 Au collisions at 400A MeV from simulations using a quantum molecular dynamics model [38]. The
differential neutron–proton differential directed flow, defined as
Fvn-p
(y) =
1

Nn (y)
N(y)

v1n (y) −

Np (y)
N(y)

v1p (y),

(176)
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Fig. 76. Left: A comparison of the difference between neutron and proton elliptic flows with the rapidity bin |y/yproj | <0.25 for the different mass splitting
in semi-central 197 Au+197 Au collisions using a quantum molecular dynamics model by the Lanzhou group [36]. Right: Transverse momentum dependence
of the difference between proton and neutron elliptical flow v2 at mid-rapidity (| y0 |< 0.3) in semi-central Au+Au collisions at 400A MeV using a stochastic
mean-field model with a stiff symmetry energy by the Catania group [35].

Fig. 77. Yield ratio of π − /π+ and K 0 /K + as a function of the beam energy in
independent symmetry potential. Source: Taken from Ref. [422].

197

Au+197 Au collisions using momentum-dependent and momentum-

characterizes the difference between the neutron and proton directed flow v1 weighted by their multiplicities. At 400A MeV
when supra-saturation densities are reached in the high-density phase, a stiffer symmetry energy (upper panel) leads to a
larger neutron–proton differential flow compared with a softer symmetry energy (lower panel). The case of m∗n < m∗p clearly
shows a larger neutron–proton differential v1 compared to the m∗n > m∗p case, and the difference is larger at larger reduced
rapidity y0 .
The relative elliptic flow between neutrons and protons has attracted some special attention. Shown on the left in Fig. 76
are the difference between neutron and proton elliptical flows in semi-central 197 Au+197 Au collisions at 400 MeV/nucleon
predicted by a quantum molecular dynamics model [36]. While on the right is the difference between the elliptical flows of
protons and neutrons (note the difference in definitions) for the same reaction calculated from a stochastic mean-field model
with a stiff symmetry energy [35]. Both calculations show consistently that the difference in elliptical flows of neutrons and
protons are sensitive to the neutron–proton effective mass splitting. At 400A MeV the expansion of the participant nucleons is
blocked by the spectator nucleons, so the elliptic flow is negative since free nucleons are mostly squeezed out perpendicular
to the reaction plane. It is understandable that a smaller effective mass leads to larger squeeze-out effects and thus a more
negative v2 .
The momentum dependence of the mean-field potential, or the nucleon effective mass, may also affect the particle
production. As shown in Fig. 77, the π − /π + and K 0 /K + ratio are sensitive to the momentum dependence of the symmetry
potential, and the effect is larger near the threshold energy. It was argued that the neutron–proton effective mass splitting
leads to more energetic neutron–neutron scatterings, resulting in the enhanced ratios of π − /π + and K 0 /K + , since π − and
K 0 are mostly produced by inelastic neutron–neutron scatterings in the high-density phase.
It was shown that the double neutron/proton ratio is a good probe of the nuclear symmetry energy [423,424]. The
interplay of the nuclear symmetry energy and the neutron–proton effective mass splitting on the ratio of free neutron/proton
multiplicity has further been investigated using the Skyrme interaction based on an improved quantum molecular dynamics
(ImQMD) model [37]. In the work of Zhang et al. [37], four different Skyrme forces with different characteristics of the
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Fig. 78. Left: Ratio of free neutron to proton multiplicity as a function of kinetic energy in 112 Sn+112 Sn collisions at b = 2 fm and 50A MeV with angular
cuts 70◦ < θc.m. < 110◦ ; Middle: Same as left but for 124 Sn+124 Sn; Right: Double neutron/proton ratio for that from 124 Sn+124 Sn to that from 112 Sn+112 Sn
as a function of kinetic energy. The calculated results are for SLy4 (solid circles), SkI2 (open circles), SkM* (solid squares), and Gs (open squares) Skyrme
forces. Source: Taken from Ref. [37].

Table 1
Corresponding saturation properties of nuclear matter from the SLy4, SkI2, SkM*, and Gs Skyrme forces. All quantities are in MeV, except for ρ0 in fm−3 and
the dimensionless effective mass ratios for nucleons, neutrons and protons. The effective mass for neutron and proton is obtained for isospin asymmetric
nuclear matter with isospin asymmetry δ = 0.2.
Source: Taken from ref. [37].
Para.

ρ0

E0

K0

S0

L

Ksym

m∗ /m

m∗n /m

m∗p /m

SLy4
SkI2
SkM*
Gs

0.160
0.158
0.160
0.158

−15.97
−15.78
−15.77
−15.59

230
241
217
237

32
33
30
31

46
104
46
93

−120

0.69
0.68
0.79
0.78

0.68
0.66
0.82
0.81

0.71
0.71
0.76
0.76

71
−156
14

symmetry energy and neutron–proton effective mass splittings are employed. The detailed properties of these four forces at
the saturation density are listed in Table 1. The SkI2 and Gs lead to a stiffer symmetry energy compared to the SLy4 and SkM*,
while the SkM* and Gs lead to m∗n > m∗p and the SLy4 and SkI2 lead to m∗n < m∗p . As shown in the left and middle panels of
Fig. 78, a softer symmetry energy and a smaller neutron effective mass than proton generally lead to a larger neutron/proton
ratio. Considering the differences in L and m∗n−p in the interactions used, it is interesting to note that the simulated results of
both the single and double n/p ratio seem to indicate that effects of the neutron–proton effective mass splitting are larger
than those due to the variation of the symmetry energy in the ranges explored.
9.2. Recent efforts to extract the neutron–proton effective mass splitting from heavy-ion reaction data
Given the fundamental importance of knowing accurately the momentum dependence of the symmetry potential and
the corresponding neutron–proton effective mass splitting as well as the current status of transport model predictions
discussed above, experiments in this field are extremely important as ultimately one has to rely on experimental data
to test theories and models. Indeed, some significant experimental efforts in this direction have been made over the last
few years. Unfortunately, to our best knowledge, no experimental observable by itself can directly tell us anything about
the momentum dependence of the symmetry potential and/or the associated isovector nucleon effective mass. Comparing
experimental data with model predictions (here specially transport models for heavy-ion collisions) is the only way to go
forward. However, at the moment, no model can calculate completely consistently everything that has been measured. For
example, most of the transport models do not describe dynamically cluster formations properly except for a few very light
ones in very few codes. On the other hand, the isovector potential is very small compared to the isoscalar potential especially
at high densities. Moreover, the predicted neutron–proton effective mass splitting is not only small but also proportional
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Fig. 79. Left: Results from IBUU11 simulation using the ImMDI interaction with different x and y parameters compared with the same MSU data. Taken
from Ref. [425]. Right: The single (lower window) and double (upper window) of pre-equilibrium neutron/proton ratios in the reactions of 112 Sn+112 Sn
and 124 Sn+124 Sn reactions at a beam energy of 50 MeV/nucleon and an impact parameter of 3 fm with different combinations of the kinetic and potential
symmetry energies using the momentum-independent option of the IBUU transport model. Taken from Refs. [214,318].

to the isospin asymmetry of the system. Currently, there are only few existing data from reactions not so neutron-rich
that can be used to directly compare with model predictions. There are thus great challenges especially since most of the
isospin-sensitive observables require simultaneous measurements of both neutrons and protons. While some interesting
new physics has been learned from comparing model calculations and experimental data available, at this point no solid
conclusion can be drawn about the sign of the neutron–proton effective mass splitting from these studies. As we have
discussed earlier in this review, while some circumstantial evidences for a positive neutron–proton effective mass splitting
in neutron-rich matter have been accumulated from analyzing giant resonances and studying nuclear masses, etc., there is
also no community consensus there even regarding the sign of neutron–proton effective mass splitting. Thus, it is not strange
that the hard work of many people in the heavy-ion reaction community on this issue so far has not helped much in firmly
settling it down.
In the following, we make a few observations about the interesting physics extracted from a few examples of analyzing
heavy-ion reactions in the efforts of constraining the neutron–proton effective mass splitting. Earlier analyses of the
free neutron/proton double ratio from central 124 Sn+124 Sn and 112 Sn+112 Sn collisions at 50 and 120 MeV/nucleon at the
NSCL/MSU [426,427] seem to indicate that protons have a slightly larger effective mass than neutrons based on comparisons
with calculations using the ImQMD model [426]. However, the preferred Skyrme interactions predict a nucleon symmetry
potential that is increasing with nucleon energy/momentum at saturation density. As we discussed extensively earlier,
such a symmetry potential is in contrast to the findings from optical model analyses of nucleon–nucleus scattering data
and predictions of most microscopic many-body theories. Another analysis [425] of the same data using the IBUU11
transport model found that indeed the assumption of m∗n ≤ m∗p leads to a higher neutron/proton ratio, as shown in the
left part of Fig. 79. Moreover, results of the IBUU11 calculations using the Esym (ρ ), Usym,1 (ρ, p) and m∗n-p all within their
current uncertainty ranges still under-predict significantly the NSCL/MSU data. Besides having more data with more isospin
asymmetric systems, this situation clearly calls for more detailed theoretical studies with different transport models and
consider possibly new mechanisms, such as the SRC effects on the symmetry potential/energy [214,318]. Indeed, by reducing
(enhancing) the kinetic (potential) contribution to a fixed total symmetry energy consistent with the known constraints,
IBUU11 calculations can increase the free neutron/proton double ratio to the level consistent with the MSU data as shown
in the right window of Fig. 79 [214]. The right lower-widow shows the single neutron/proton ratios for the reactions of
112
Sn+112 Sn and 124 Sn+124 Sn reactions at a beam energy of 50 MeV/nucleon and an impact parameter of 3 fm with different
combinations of the kinetic and potential symmetry energies from using the momentum-independent option of the IBUU
transport code. The blue lines with dots are results using the standard kinetic symmetry energy for free Fermi gas, while
the brown ones are obtained by reducing the kinetic contribution to the total symmetry energy (increasing correspondingly
the potential symmetry energy such that the total symmetry energy at ρ0 is a constant). It is seen that the SRC-reduced
kinetic symmetry energy increases significantly the pre-equilibrium neutron/proton ratio especially for the more neutronrich reaction system. After using the detector filter, the double neutron/proton ratios from the two reaction systems are
compared in the right upper-window. It is seen that the SRC-reduced (enhanced) kinetic (potential) symmetry energy helps
bring the calculations more closer to the experimental data. We emphasize here, however, that the SRC effects have not been
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fully and self-consistently incorporated in the IBUU or other transport models yet. The SRC effects shown in Fig. 79 and those
in the IBUU calculations of Refs. [214,318] can only be used for orientation purposes.
In summary of this section, motivated by the fundamental significance of knowing the momentum dependence of the
symmetry potential and the corresponding neutron–proton effective mass splitting, significant efforts have been made by
the low-intermediate energy heavy-ion reaction community both theoretically and experimentally. In particular, several
promising observables have been identified consistently by several groups using different transport models. However,
because the symmetry potential is relatively weak compared to the isoscalar potential and most of the isospin-sensitive
observables require simultaneous measurements of neutrons and charged particles, experimental measurements of these
observables are challenging. Comparisons of existing data and model predictions are quite revealing and some interesting
new physics has been learned. However, currently no solid conclusion regarding the sign of the neutron–proton effective
mass splitting in neutron-rich matter can be made based on these studies alone. Obviously, much more work remains to be
done in this exciting field.
10. Summary
The multifaceted studies on nucleon effective masses in nuclear matter and their impacts on many issues in both nuclear
physics and astrophysics have a very fruitful and long history. In neutron-rich matter, there are new issues related to the
space–time non-locality of the isovector strong interaction. In this review, we focused on the neutron–proton effective
mass splitting which is proportional to the difference of nucleon isoscalar and isovector effective masses. At the mean-field
level, the neutron–proton effective mass splitting is determined by the momentum/energy dependence of the isovector
(symmetry or Lane) potential which varies with density and isospin asymmetry of the medium. There are many hotly debated
issues regarding the isovector nucleon effective mass or the neutron–proton effective mass splitting especially in dense
neutron-rich matter. Resolutions of these issues are relevant to solving many important problems in both nuclear physics
and astrophysics. In the new era of terrestrial experiments with advanced rare isotope beams as well as new astrophysical
observations of neutron stars with state-of-the-art X-ray satellites and/or gravitational wave detectors, there are great
opportunities to better understand properties of the isovector strong interaction and the associated neutron–proton effective
mass splitting in neutron-rich matter over a broad density range. Simultaneously, significant theoretical efforts are being
devoted to predicting new physics phenomena and extracting useful information from the new experiments/observations
using essentially all nuclear many-body theories and interactions available in the literature. As to the momentum/energy
dependence of the symmetry potential and the corresponding neutron–proton effective mass splitting, the physics problems
encountered are complicated and the model predictions are often rather diverse.
Our discussions in this review on the selected results from many interesting work done by many people are based on our
limited knowledge in this very active field. Our coverages of the relevant issues are certainly incomplete and our discussions
may be biased while we tried to be objective and fair. The following is a recap of the most important physics we have learned:

• The momentum/energy dependence of the symmetry potential due to the space/time non-locality of isovector strong
interaction is the key quantity affecting many isospin-dependent features of both nuclear structures and reactions,
and our poor knowledge about it is the fundamental cause of the diverse predictions for the isovector nucleon effective
mass or the neutron–proton effective mass splitting in neutron-rich matter.
• Many analyses of giant resonances and masses of nuclei indicate that the nucleon isoscalar and isovector effective
masses in nuclear matter at ρ0 are about m∗s /m ≈ 0.8 ± 0.1 and m∗v /m = 0.6 ∼ 0.93, respectively. Their uncertainties
especially for the m∗v /m are still too large to determine the sign of the neutron–proton effective mass splitting in
neutron-rich matter at saturation density. However, there are circumstantial evidences and credible predictions for a
positive neutron–proton effective mass splitting in neutron-rich matter at saturation density based on careful analyses
of different kinds of data and theories. Table 2 summarizes the expressions of mn-p (ρ0 ) either extracted from data
analyses or predicted by theories well calibrated with known experimental constraints. While they all give positive
values and a linear isospin dependence of mn-p (ρ0 ), both the magnitude and uncertainties mn-p (ρ0 ) are still model
dependent. As we discussed in detail in this review, there are indeed some models/interactions predicting negative
values of mn-p (ρ0 ). Since the corresponding symmetry potentials are then in contrast with the isovector potential from
optical model analyses of huge sets of nucleon–nucleus scattering experimental data, those particular predictions for
negative mn-p (ρ0 ) values are not summarized in Table 2.
• Essentially all nuclear many-body theories using basically all available two-body and three-body forces or model
Lagrangians have been used to calculate the single-nucleon potential in neutron-rich nucleonic mater. The manybody theory predictions for the positive sign of m∗n-p at saturation density in neutron-rich matter are rather solid. In
particular, most of the calculations predict that the nucleon symmetry potential decreases with increasing nucleon
energy/momentum in neutron-rich matter at ρ0 qualitatively in agreement with the empirical constraint from the
optical model analyses of nuclear reactions. Quantitatively, however, the predictions are still rather model and
interaction dependent. Moreover, the predictions diverge quite widely at abnormal densities, especially at suprasaturation densities.
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Table 2
The neutron–proton effective mass splitting mn-p (ρ0 ) in neutron-rich matter of isospin asymmetry δ at saturation density.
Approach

mn-p (ρ0 )

Reference

Optical model Analyses of nucleon–nucleus scattering data
Universal nuclear energy density functional
ISGQR, IVGDR & dipole polarizability of 208 Pb using SHF+RPA
ISGQR, IVGDR & dipole polarizability of 208 Pb using IBUU
General analyses of symmetry energy using HVH theorem
Chiral effective field theory
BCPM energy functional
General analyses of energy density functional

(0.41 ± 0.15)δ
0.637δ
(0.27 ± 0.15)δ
(0.216 ± 0.114)δ
(0.27 ± 0.25)δ
(0.309 ± 0.227)δ
0.2δ
(0.17 ± 0.24)δ

[41] X.H. Li et al.
[92] M. Kortelainen et al.
[42] Z. Zhang and L.W. Chen
[106] K.Y. Kong et al.
[67] B.A. Li and X. Han
[128,135] Jeremy Holt et al.
[141] M. Baldo et al.
[143] C. Mondal et al.

• The HVH theorem reveals directly and analytically the relationships among the effective masses and their own
momentum dependences, symmetry potentials and symmetry energies order by order in isospin asymmetry in both
non-relativistic and relativistic frameworks. At the mean-field level, these relations are general. They can help us
better understand the physics origins of the symmetry energy, neutron–proton effective mass splitting in neutronrich matter and their uncertainties in a model independent way. The HVH theorem also reveals the physics ingredients
determining the isospin-quartic term (the fourth-order symmetry energy) in the EOS of neutron-rich matter.
• The extraction of nucleon E-mass from single-nucleon momentum distributions constrained by electron–nucleus
and proton–nucleus scattering experiments through the application of the Migdal–Luttinger theorem is fruitful.
The neutron–proton E-mass splitting is closely related to the isospin dependence of the SRC-induced HMT in
single-nucleon momentum distributions. The SRC due to mainly the tensor force in the isosinglet n–p interaction
channel affects the nucleon E-mass and the EOS of neutron-rich matter especially its kinetic symmetry energy. In
particular, the SRC makes the symmetry energy more concave around the saturation density, leading to an isospindependent incompressibility of ANM in better agreement with the experimental results. Moreover, it also softens
the symmetry energy at supra-saturation densities in calculations using both relativistic and non-relativistic energy
density functionals. Furthermore, through the nucleon effective mass, the SRC also affects the nucleon MFP in neutronrich matter. In particular, it enhances the nucleon MFP in SNM at saturation density by a factor of about 2. However,
while neutrons are shown consistently to have a longer MFP than protons at kinetic energies below about 30 MeV,
it is still unclear whether neutrons or protons have a longer MFP at higher kinetic energies in neutron-rich matter,
mostly because of our poor knowledge about the isovector E-mass. It was also shown that the isospin-dependent HMT
in neutron-rich matter can also affect the critical proton fraction xcric
above which the direct URCA process can occur
p
in protoneutron stars. While the xcric
is
about
11%
in
the
npe
matter
of neutron stars without considering the HMT,
p
the latter reduces the xcric
to an average value of about 2%.
p
• The multifaceted studies on nucleon effective masses in neutron-rich matter have multiple impacts on many issues.
For instance, the in-medium NN cross sections in neutron-rich matter are modified differently from those in SNM
due to the neutron–proton effective mass splitting and its dependence on the density and isospin asymmetry of the
medium. Because the isovector nucleon effective mass affects the occupation probability of neutrons and protons
differently in neutron-rich matter, essentially all thermodynamical variables can be affected by the neutron–proton
effective mass splitting. Self-consistent thermodynamical calculations have shown that the symmetry energy at finite
temperatures depends sensitively on whether the single-nucleon potential is momentum dependent or not and how
the neutron–proton effective mass splitting varies with density and isospin asymmetry of the medium. The neutron–
proton effective mass splitting also affects the differential isospin fractionation of liquid–gas phase transition in
neutron-rich matter. Within several different approaches, the shear viscosity η and the thermal conductivity κ of
neutron-rich matter were found to depend on the neutron–proton effective mass splitting in non-trivial ways through
the isospin dependence of both the particle flux and NN in-medium scattering cross sections.
• Heavy-ion reactions especially those involving rare isotopes at low and intermediate energies provide the unique
means to create in terrestrial laboratories dense neutron-rich matter. The dynamics and observables of these reactions
depend sensitively on the momentum dependence of the symmetry potential and the associated neutron–proton
effective mass splitting through both the Vlasov term and collision integrals of transport equations. Several observables sensitive to the neutron–proton effective mass splitting have been identified consistently by several groups
using different transport models. However, for several reasons including (1) the symmetry potential is relatively
weak compared to the isoscalar potential, (2) the neutron–proton effective mass splitting is small and proportional
to the isospin asymmetry of the medium, and (3) most of the isospin-sensitive observables require simultaneous
measurements of neutrons and charged particles accurately, experimental measurements of these observables are
thus extremely challenging but certainly doable. Currently, no solid conclusion regarding even the sign of the neutron–
proton effective mass splitting at saturation density has been made by comparing model predictions with available
data mostly suffering from low statistics for neutrons from reactions (e.g.,124 Sn+124 Sn) that are not so neutron-rich.
We have witnessed some very significant progresses made by many people working on nucleon effective masses in
neutron-rich matter during the last decade. Obviously, much more work remains to be done in this multi-disciplinary area of
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fundamental research. There are great opportunities provided by the new facilities in both nuclear physics and astrophysics
for exploring more thoroughly the nature of dense neutron-rich nucleonic matter. We are looking forward to seeing more
exciting results addressing clearly all of the remaining issues regarding nucleon effective masses in neutron-rich matter in
the coming decade.
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