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Abstract — Burnup calculations play a very important role in nuclear reactor design and analysis, and solving
burnup equations is an essential topic in burnup calculations. In the last decade, several high-accuracy
methods, mainly including the Chebyshev rational approximation method (CRAM), the quadrature-based
rational approximation method, the Laguerre polynomial approximation method, and the mini-max polynomial
approximation method, have been proposed to solve the burnup equations. Although these methods have been
demonstrated to be quite successful in the burnup calculations, limitations still exist in some cases, one of which
is that the accuracy becomes compromised when treating the time-dependent polynomial external feed rate. In
this work, a new method called the Padé rational approximation method (PRAM) is proposed. Without directly
approximating the matrix exponential, this new method is derived by using the Padé rational function to
approximate the scalar exponential function in the formula of the inverse Laplace transform of burnup
equations. Several test cases are carried out to verify the proposed new method. The high accuracy of the
PRAM is validated by comparing the numerical results with the high-precision reference solutions. Against
CRAM, PRAM is significantly superior in handling the burnup equations with time-dependent polynomial
external feed rates and is much more efficient in improving the accuracy by using substeps, which demonstrates
that PRAM is the attractive method for burnup calculations.
Keywords — Burnup calculations, numerical inverse Laplace transform, Padé rational approximation,
external feed, substep strategy.
Note — Some figures may be in color only in the electronic version.

I. INTRODUCTION
Simulating the nuclide evolution of nuclear materials,
which is handled by solving the burnup equations, is an
important aspect of nuclear reactor physics. The general
burnup equations describe the changing rates of nuclide
concentrations for the various nuclides, and in mathe
matics, consist of the following set of first-order linear
differential governing equations:
(
λj;i ¼

P
dni ðtÞ
λi ni þ fi ;
j λj;i nj
dt ¼
decay
tot
pj!i σ j ϕ þ γj!i λj ; λi ¼ σ tot
i ϕ

*E-mail: mscheng@sinap.ac.cn

þ λdecay
:
i

ð1Þ

where
ni
fi
pj!i
j
tot
σ tot
j , σi

= concentration of nuclide i
= external feed rate of nuclide i
= probability of a neutron reaction from nuclide
into nuclide i
= microscopic one-group total cross sections
of nuclide j and nuclide i, respectively
ϕ = average neutron flux
γj!i = branching ratio for the decay of nuclide j
into nuclide i

γdecay
= decay constant of nuclide i.
i
The general burnup equation [Eq. (1)] can be written
in a matrix form as
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d~
n
¼ A~
n þ~
f;
dt

ð2Þ

where
~
n = vector of nuclide concentrations
A = transition matrix containing the rate coefficients
of decay and neutron reaction for all nuclides
~
f = vector of external feed rate.
Since the nonhomogeneous burnup equation [Eq. (2)]
can be converted into the homogeneous by the augmented
matrix method,1 the solution of Eq. (2) can be computed
as follows:
~
n ¼ eAt~
n0 ;

ð3Þ

inverse transform has been studied as an effective com
putational tool for solving ordinary differential equations
with the form of Eq. (2) (Refs. 8, 9, and 10). Thus, the
method can also be introduced to treat the burnup equa
tion described by Eq. (2).
Let b
nðsÞ and b
f ðsÞ denote, respectively, the Laplace
transforms of ~
n and ~
f . Define I as the identity matrix with
the same size of A. Then, by taking the Laplace transform
of Eq. (2), one obtains
b
nðsÞ ¼ ðsI

e

At

¼

k¼0

k!

;

ð1
b
gðsÞ ¼

e

st

gðtÞds ;

ð5Þ

0

and gðtÞ thus can be obtained by the inverse transform of
b
gðsÞ, which is known as the Bromwich integral,7 shown
as follows:
1
~
ñ ¼
2πi
0

0

ð7Þ

ð cþi1

1
¼
2πti

nðsÞds
est b
c i1

ð c0 þi1
c

0

z
nð Þdz ;
ezb
t
i1

where all the singularities of b
nðztÞ are to the left of the
0
0
vertical line ðc i1; c þ i1Þ.
Numerous methods have been devised for the numerical
evaluation of the Laplace inversion integral,11,12 and one of
these method, the Talbot method,8,9,13 which is the so-called
quadrature-based rational approximation method (QRAM), is
implemented successfully to solving the burnup
equations.3,14,15
Although both CRAM and QRAM are quite successful
in burnup calculations, there still exists several defects. And
one of the defects is that the accuracy for both methods
deteriorates significantly when the high-degree timedependent polynomial external feed rate is introduced.1,16
In this paper, a new numerical method, which is
based on the numerical inverse of the Laplace transform
and Padé rational approximation, is proposed to solve the
burnup equations. The theory of the Padé rational approx
imation method (PRAM) is introduced in Sec. II, numer
ical results are presented in Sec. III, and the conclusion is
summarized in Sec. IV.

II. THEORY

ð c0 þi1estbgðsÞds
c

1
~
n¼
2πi

ð4Þ

Various methods have been proposed to solve the general
matrix exponentials,2 and for burnup calculations, several
high-accuracy methods by directly approximating the expo
nential of the burnup matrix have also been proposed in
previous studies3–5 in which the Chebyshev rational approx
imation method (CRAM) has become the most widely used
method in the last decade.
Alternatively, the burnup equation [Eq. (2)] can be
reviewed from a different perspective.
The Laplace transform is an integral transform
that converts a function of a real variable t to
a function of a complex variable s (Ref. 6). The
Laplace transform of a function gðtÞ, defined for all
real numbers t � 0, is defined by

�
�
� ~
n0 þ b
f ðsÞ ;

provided s is not part of the spectrum of A. The inverse is
given by the Bromwich integral:

where the matrix exponential eAt is defined as the Taylor
series:
1
X
ðAtÞk

1

AÞ

;

ð6Þ

i1

where c is a real number so that the contour path of
integration is in the region of convergence of b
gðsÞ. In
the last few decades, the Laplace transform with its

II.A. Description of PRAM
The inverse Laplace transform [Eq. (8)] can be eval
uated by residue calculus by closing the path of integra
tion along an infinite arc to the left. And according to
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Jordan’s lemma, the value of integration of the infinite
arc is zero. Thus, Eq. (8) can be calculated by summing
up the residues:
ð0
1 c þi1 z �z�
~
n¼
dz
e �b
n
2πti c0 i1
t
n
�z �o
1X
¼
Resz¼λi t ez � b
n
;
t i
t

ð9Þ

where λi t are the poles of b
nðz=tÞ described in Eq. (7). It
is easy to know that the poles of b
nðz=tÞ consist of the
eigenvalues of the burnup matrix At and the singula
rities of the b
f ðs=tÞ. However, evaluating the eigenva
lues of the burnup matrix At is a very hard task
because of the large dimensionality and strong stiff
ness. To determining the solution of Eq. (9), the scalar
function eλi t is approximated by the Padé approxima
tion first.
The Padé approximation is a type of rational
approximation that is derived by expanding
a function as a ratio of two polynomials.17 And it is
one of the most well-established and extensively used
methods for calculating the matrix exponential.2,18–20
The Padé approximation of the scalar exponential
function ez can be expressed as follows21:
ez � RN;M ðzÞ ¼

PN ðzÞ
QM ðzÞ

� �
N i
iÞ!
z
i¼0 ðM þ N
i
�
� ;
¼
PM
M i
i
iÞ!
z
i¼0 ð 1Þ ðM þ N
i
PN

ð10Þ

where subscript N represents the degree of the
numerator polynomial PN ðzÞ, and subscript M repre
sents the degree of the denominator polyno
mial QM ðzÞ.
Thus, by substituting eλi t with RN;M ðzÞ, the approx
imation of Eq. (9) is obtained:
n
�z�o
1X
Resz¼λi t ez � b
n
t i
t
n
�z�o
X
1
�
Resz¼λi t RN;M ðzÞ � b
n
;
t i
t

1
~
ñ ¼
2πti
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ð c0 þi1
c0

�z�
RN;M ðzÞ � b
n
dz ;
t
i1

ð12Þ

The integral in Eq. (12) can also be evaluated by
residue calculus by closing the path of integration
along an infinite arc, however, either to the right or
to the left. In order that the path along the infinite arc
does not contribute to the integral, take N; M such that
the function
�z�
FðzÞ ¼ RN;M ðzÞ � b
n
t

ð13Þ

has at least two more finite poles than zeros.21
Selecting any N < M, RN;M ðzÞ can be expressed as
follows:

RN;M ðzÞ ¼

M
X
Ki
;
z zi
i¼1

ð14Þ

where Ki is the residue, and zi is the pole of RN;M .
Closing first the path in the left half-plane for Eq.
(12), the poles in the integral domain consist of the
whole poles of b
nðsÞ and the poles of RN;M whose real
0
parts are less than c . Thus, Eq. (12) can be evaluated
as follows:
ð c0 þi1

�z �
RN;M ðzÞ � b
n
dz
0
t
c i1
n
�z �o
X
1
¼
Resz¼λi t RN;M ðzÞ � b
n
t i
t
�z �
1 X
i
n
Ki b
þ
;
t
t
0

1
2πti

ð15Þ

Reðzi Þ < c

where Ki is the residue, and zi is the pole of RN;M .
Then, closing the path in the right half-plane, the
poles in the integral domain only consist of the poles of
0
RN;M whose real parts are larger than c . Thus, Eq. (12)
can also be expressed as

~
n¼

ð11Þ

1
2πti

ð c0 þi1

dz ¼
Now, another line integral by replacing the scalar func
tion ez with the Padé approximation RN;M ðzÞ in Eq. (8) is
investigated as follows:
NUCLEAR SCIENCE AND ENGINEERING · VOLUME 194 · DECEMBER 2020

c0

�z �
RN;M ðzÞ � b
n
t
i1
�z �
1 X
i
n
:
Ki b
t
t
0
Reðzi Þ > c

Comparison with Eq. (15) reveals

ð16Þ
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n
�z�o
1X
Resz¼λi t RN;M ðzÞ � b
n
t i
t
M
�
�
1X
zi
n
¼
Ki b
;
t i¼1
t

ð17Þ

where M is the number of the poles of RN;M .
Thus, substituting Eq. (17) into Eq. (11), one can
obtain

II.B. Error Analysis and Parameter Selection

n
�z�o
1X
~
n�
Resz¼λi t RN;M ðzÞ � b
n
t i
t
� �X
M
�z �
1
i
¼
n
Kib
:
t
t i¼1

II.B.1. Error Analysis of PRAM
ð18Þ

The formula can be looked upon as a quadrature for
mula with complex points or as a weighted sum of
function values evaluated at the complex points zti
(Ref. 22). Since the poles of RN;M come in conjugate
pairs, for real-valued functions the computational cost
can be reduced to half:

~
n�

� �X
M=2
n �z �o
1
i
n
2Re Kib
:
t i¼1
t

~
n�

M=2
X

¼2
i¼1

n
Re Ki ðAt

zi IÞ

1

AÞ
1

n �z�o
1 X λi t
n
e � Resz¼λi t b
t i
t
n �z�o
X
1
n
RN;M ðλi tÞ � Resz¼λi t b
t i
t
n �z �o
X
�
1
n
¼
:
eλi t RN;M ðλi tÞ � Resz¼λi t b
t i
t

EðzÞ ¼

ð21Þ

�
�z ���
i
b
� ~
n0 þ f
t

�
�z ��o
i
� ~
n0 þ b
f
:
t

Since the algebraic multiplicity of every eigenvalue of
burnup matrix A is 1, all pole of b
nðsÞ are the first-order poles
or simple poles.1a Thus, according to Eq. (11), the error
estimate function of PRAM can be easily calculated as

ð19Þ

Finally, substituting Eq. (7) into Eq. (19), the solution of
burnup equation Eq. (2) based on PRAM can be com
puted as
� �X
�
M=2
1
zi
2Re Ki ð I
t i¼1
t

considered to be chosen as the Padé approximant
described by Eq. (10). For comparison, in CRAM the
rational function is chosen as the Chebyshev approx
imation or the so-called “best rational approximation,”
while in QRAM the rational function is not chosen
from the existing rational functions but constructed
based on quadrature formulas derived from complex
contour integrals.14

ð20Þ

Since the parameter M determines the amount of
computation, we call it the n’th-order PRAM where
the order n represents the value of parameter M.
It is noticed that if the external feed rate ~
f is
assumed 0, the final form of PRAM described by
Eq. (20) is consistent with the forms of CRAM and
QRAM proposed in Ref. 14. This means that from
another perspective PRAM can be regarded as
a rational approximation method for matrix exponen
tial, just like CRAM and QRAM.
The principle of the rational approximation meth
ods can be briefly concluded to either choose or con
struct a rational function to approximate the matrix
exponential. In PRAM the rational function can be

The error estimate function denotes that the accuracy
of PRAM depends on how well the exponential func
tion ez is approximated by the Padé rational function
RN;M at all the eigenvalues of At and all the singula
rities of b
f ðz=tÞ.
The Padé approximant for exponential function ez is
quite popular and its approximation properties are well
studied.17,23,24 The approximation error of the Padé
approximant for ez satisfies
jez
¼

(

RN;M ðzÞj
NþMþ1
N!M!
ðNþMÞ!ðNþMþ1Þ! jzj
N M

Oðjzj

Þ

þ OðjzjNþMþ2 Þ as jzj ! 0;
as

jzj ! 1 :
ð22Þ

Equation (22) indicates that the Padé approximant for ez has
quite different convergence properties as z varies from
origin to infinity. It can be seen from Eq. (22) that when
the parameter M is set as a fixed value, with the increase of
a

In this section, error analysis does not take into account the
external feed rate; the accuracy of PRAM when introducing the
external feed rate will be discussed in Sec. II.B.3.
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The contour of the approximation error jez R4;16 ðzÞj
on the complex plane is shown in Fig. 2. It can be seen that
the contour lines on the negative half-plane are close to
a series of concentric arcs, which means that the PRAM
method is also suited for the complex number with relatively
large imaginary component compared to the CRAM method.

the value of N, PRAM is more accurate as jzj ! 0 but less
accurate as jzj ! 1. Since the eigenvalues of burnup
matrix At distribute widely among the region near the
negative real axis, the parameter N for a certain M should
be optimized to get an acceptable approximation for every
eigenvalue of At. In Sec. II.B.2, the optimization of para
meter N for 16th-order PRAM is presented.

II.B.2. Parameter Selection for 16th-Order PRAM

II.B.3. Accuracy of PRAM with the Polynomial External
Feed Rate

Figure 1 shows the absolute error jez RN;M ðzÞj on the
negative real axis of the 16th-order PRAM method with
different parameter N. It can be seen from Fig. 1 that the
changing trend of error is similar for each parameter N: As z
varies from 0 to 1, the error is first confined around the
magnitude of machine epsilon, which is about 2:22 � 10 16 ,
then increases to the peak value, and finally decreases rapidly
when z ! 1. In this paper, R4;16 is selected as the represen
tative of 16th-order PRAM because R4;16 has the lowest peak
value of approximation error (see Fig. 1) among others.

In some burnup systems, such as molten salt reactor
and spent fuel reprocessing facilities, the external feed
rate must be introduced into the burnup equations, and
then an additional error will be also imported provided
that the Laplace transform of external feed rate b
f ðsÞ has
poles.
Since there may exist nonsimple poles of b
f ðsÞ, the
additional error estimate induced by the external feed rate
can be calculated as follows:

n
�z�o 1 X
n
�z�o
1X
Resz¼zi ez � n̂
Resz¼zi RN;M ðzÞ � n̂
t i
t
t i
t
n
�
�
o
�
1X
z
¼
Resz¼zi ez RN;M ðzÞ � n̂
t i
t
�
�
�
m
1
� �z��
1X
1
d i
mi z
¼
ðz
z
Þ
e
R
ðzÞ
�
n
̂
lim
i
N;M
t i ðmi 1Þ! z!zi dzmi 1
t

AEðzÞ ¼

¼

�
i 1
1 X mX
i
cm
ezi
t i j¼0 j

�
ðjÞ
RN;M ðzi Þ ;
ð23Þ

with
�
i
cm
j

¼ ðmi

1
1Þ!

mi

1
j

�

n
lim

z!zi

dmi
dzmi

1
1

ðz

zi Þmi � b
n

z
t

��o

;

ð24Þ

where zi is the pole of b
f ðsÞ, and mi is the order of the pole zi . The additional error estimate AEðzÞ shows that the
accuracy of PRAM when introducing the external feed rate also depends on how well the exponential function ez is
f ðsÞ, which is
approximated by the j’th (j ¼ 0; � � � ; mi 1) derivatives of the rational function RN;M ðzÞ at each pole of b
consistent with the conclusion of the error analysis of CRAM or QRAM when the external feed rate is introduced.1,16
In actual burnup calculations, the polynomial functions are sufficient to describe almost all external feed schemes.
An m’th-degree polynomial external feed rate can be expressed in the form
~
f ¼

m
X

~
ci ti :

i¼0
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Fig. 1. Approximation error jez

RN;M ðzÞj of the 16th-order PRAM method with different parameter N on the negative real axis.

Fig. 2. Contour plot of the approximation error jez

R4;16 ðzÞj on the complex plane.

The Laplace transform b
f ðsÞ then can be calculated as
follows:
b
f ðsÞ ¼

m
X

~
ci
i¼0

i!
:
siþ1

ð26Þ

Obviously, 0 is the (m + 1)’th-order pole of the m’thdegree polynomial external feed rate. Thus, how well the
exponential function ez is approximated by the j’th
(j ¼ 0; � � � ; m) derivatives of the rational function
RN;M ðzÞ at the pole 0 determines the accuracy of PRAM
with the polynomial external feed rate.
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As mentioned in Refs. 1, 16, and 25, a highdegree polynomial external feed rate seriously affects
the accuracy of the CRAM method and the QRAM
method because the derivatives of rational functions
of both CRAM and QRAM are worse approximations
of the derivatives of the exponential function at point
0 as the derivative order increases.
With regard to the PRAM method, for the Padé
rational function RN;M , however, the accuracy will not
be affected until the degree of the polynomial comes
up to ðN þ MÞ. This is because RN;M and the
exponential function ez , as well as their derivatives
up to N þ M, agree at z ¼ 0 is the prerequisite to
construct the Padé approximant,26 which means that
ðjÞ

the approximation error e0 RN;M theoretically
remains 0 for j ¼ 0; � � � ; N þ M. Thus, the additional
error induced by the polynomial external feed rate
described in Eq. (23) theoretically remains 0 as well
until the degree of the polynomial comes up
to ðN þ MÞ.
Table I shows the relative errors in the derivatives of
the 16th-order CRAM and 16th-order PRAM R4;16 at
zero, respectively. It can be seen that the approximations
at zero are remarkably worse for higher-derivative orders
for CRAM, and 16th-order PRAM can, however, main
tain high accuracy until the derivative order comes up
to 20.

PRAM) in this paper. And the algorithm of the PFDPRAM is given as Algorithm 1.
Algorithm 1: PFD form of PRAM
1: ~
y:¼ ½0; 0; :::; 0�T ;
2: for all i ¼ 1 to nM=2 do
o
n0 ;
3: ~
y :¼ ~
y þ 2Re Ki ðAt zi IÞ 1~
4: end for
5: return ~
y;

The PFD form is the most widely used for computing
rational matrix functions since the algorithm is quite easy
implemented and parallelized. However, Algorithm 1 can
be sensitive to round-off errors as the order of RN;M
increases.24,28
In burnup calculations, there is no need to par
allelize the algorithm of the PFD-PRAM. Thus
another form, the so-called incomplete partial
fraction 24 (IPF), can be applied to the PRAM
method in order to get higher-order PRAMs. In
order to derive the IPF form of PRAM (IPFPRAM), the rational function RN;M described in
Eq. (10) is reviewed first.
The numerator polynomial PN ðzÞ, as well as the
denominator polynomial QM ðzÞ can be expressed as the
product form

TABLE I

N
Y
ðz

PN ðzÞ¼ M!

II.C. Incomplete Partial Fraction for PRAM
Equation (14) is the partial fraction decomposition
(PFD) form for computing the rational function RN;M
(Ref. 27). Thus, the derived PRAM method described
in Eq. (20) is the so-called PFD form of PRAM (PFD-

1149

pi Þ

i¼1

QM ðzÞ¼ N!

M
Y
ðz

qi Þ ;

ð27Þ

i¼1

where pi and qi are the zeros of PN ðzÞ and QM ðzÞ,
respectively, and both of them form conjugate pairs.
Considering N < M, RN;M can be therefore computed as
follows:

Relative Errors in the Derivatives of Rational Functions at Zero
Derivative
0
2
4
6
8
10
15
20
21
22

16th-Order CRAM

16th-Order PRAM

−6.3283E−15
−1.2368E−12
−6.2082E−10
−1.1227E−07
−1.0594E−05
−6.2576E−04
2.0788
6.9163E+03
2.7287E+04
1.0429E+05

−3.6748E−14
3.9968E−15
0
0
−2.2204E−16
−2.2204E−16
2.6645E−15
6.8834E−14
−2.0640E−04
−0.0071

NUCLEAR SCIENCE AND ENGINEERING · VOLUME 194 · DECEMBER 2020

RN;M

QN
PN ðzÞ
ðz pi Þ
0
¼
¼ K0 Qi¼1
M
QM ðzÞ
qi Þ
i¼1 ðz
QN=2
pi Þðz p̃ i Þ
0
i¼1 ðz
¼ K0 QM=2
qi Þðz q̃ i Þ
i¼1 ðz
0

¼ K0

N=2
Y
ðz
i¼1

ðz

pi Þðz
qi Þðz

p̃ i Þ
q̃ i Þ

ðz

1
qi Þðz

q̃ i Þ

M=2
Y

�
i¼N=2þ1

;

ð28Þ
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0

where K0 ¼ M!
N! , and p̃ i and q̃ i are the complex conjugates
of pi and qi , respectively. Let
ðz
ðz

r2;2 ¼

pi Þðz
qi Þðz

p̃ i Þ
;
q̃ i Þ

r0;2 ¼

1
qi Þðz

ðz

q̃ i Þ

be the partial fraction decomposed, and then Eq. (28) can
be computed as follows:
N=2
Q

0

RN;M ¼ K0
0

¼ K0

ðz pi Þðz pĩ Þ
ðz qi Þðz qĩ Þ

i¼1
N=2
Q�
i¼1

M=2
Q

�

i¼N=2þ1

n 0 o�
K
�
1 þ Re z iqi

1
ðz qi Þðz qĩ Þ
M=2
Q

�

i¼N=2þ1

n
Re

0

Ki
z qi

o� ;

ð29Þ
with
0

Ki ¼ 2

ðqi

pi Þðqi
qi qi

pi Þ

¼

ðqi

pi Þðqi pi Þ
� 1j
Imfqi g

for

0 < iN=2
and
2

0

Ki ¼

qi

¼

q̃ i

1
� 1j
Imfqi g

for

i > N=2 ;

where j represents the imaginary unit.
Equation (29) is the IPF form of the Padé rational
function RN;M , and its application to homogeneous
burnup equations is presented in Algorithm 2. And if
polynomial or exponential external feed terms exist, it is
easy to convert the nonhomogeneous burnup equations to
homogeneous burnup equations by augmented matrix
method.1
Algorithm 2: IPF form of PRAM
1: ~
y :¼ ~
n0 ;
2: for all i ¼nM=2 to N=2 þ 1odo
0

y ;
3: ~
y :¼ Re Ki ðAt zi IÞ 1~
4: end for
5: for all i ¼ N=2
n to0 1 do
o
y ;
6: ~
y :¼ ~
y þ Re Ki ðAt zi IÞ 1~
7: end for
0
8: return ~
y :¼ K0 �~
y;

PFD-PRAM is recommended for actual burnup cal
culations. In the Appendix, two MATLAB codes are
presented to calculate the coefficients of the PFDPRAM and IPF-PRAM for any Padé rational function
RN;M , respectively.

III. NUMERICAL RESULTS
In this section, numerical validations are
presented to verify the PRAM method proposed in
Sec. II. The IPF form, instead of the PFD form, is
used for the validations. And the numerical results, if
not otherwise specified, are calculated using the
16th-order PRAM method. Additionally, the results
calculated by the 16th-order CRAM method are used
for comparison.
The SCALE6.1/ORIGEN-S data library,29 which
contains 1693 nuclides, 11 decay modes, and 23 neu
tron reaction types, is chosen for the numerical calcu
lations. And all test cases are based on a pressurized
water reactor–type fuel pin with a 0.03:0.97:2.0 mix
ture of 235 U, 238 U, and 16 O as the initial compositions
and 1.0 n/barn/cm as the initial density.
The first part of testing is for homogeneous
burnup systems. The irradiations of fresh fuel and
used fuel with constant flux of 1:0 � 1014 are calcu
lated first. In these depletion test cases, the time
lengths of single depletion steps vary from 1 to
1000 days, and the performance of the substep strat
egy is also studied. Then, pure decay calculations of
used fuel are performed, and the decay step lengths
are extended up to 107 years.
The second part of testing is for nonhomogeneous
burnup systems. The polynomial external feed rates
are introduced in the test cases of fresh fuel deple
tion. The general formula of the polynomial external
feed rate is written as follows:
~
f ¼~
c0

m �
X
i¼0

By comparison, the two algorithms IPF-PRAM
and PFD-PRAM have similar computational costs.
Thus, for better numerical stability and less sensitiv
ity to round-off errors, the IPF-PRAM rather than the

t �i
;
Δt

ð30Þ

where ~
c0 is 0th-degree polynomial external feed rate
or constant external feed rate, and Δt represents the
time interval of the depletion step. Test cases are
performed for polynomial degrees varied from 0
to 15.
The numerical results for all the test cases are
compared to the reference solutions, which are calcu
lated by evaluating eAt~
n0 using the “expm” function20
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with the variation-precision arithmetics of MATLAB’s
Symbolic Toolbox. All these reference solutions are
calculated using 200-digit precision to ensure the
extreme accuracy,1,28 and all nuclides with atomic
fractions over 10 50 are considered. For the test
cases that involve the polynomial external feed
terms, the matrix A and the initial concentration vec
tor ~
n0 are modified based on the augmented matrix
method.1

III.A. Depletion of Fresh Fuel
Figure 3 shows the relative errors for depleting fresh
fuel after a single depletion step of lengths varied from 1
to 1000 days. Each point in Fig. 3 represents an indivi
dual nuclide. It can be seen that almost all the error points
are below 10 8, even for the nuclides with extreme small
atomic fractions.

The differences caused by the varied step lengths
in Fig. 3 are somewhat notable, especially for the
“strip” formed by the aggregate error points. As the
step length varies from 1 to 1000 days, the strip first
ascends and then descends. This can be explained
briefly by the approximation error of the Padé
approximant for ez increasing first and then decreas
ing as z ! 1 (see Fig. 1).
The substep strategy is an efficient approach to
improve the accuracy of CRAM (Ref. 25), and as will
be presented later, is even more efficient for PRAM.
Figure 4 displays the results of fresh fuel depleted for
100 days with different numbers of substeps, and 16thorder CRAM is chosen for comparison. It can be seen
that the relative errors for PRAM decrease dramatically
by using only two substeps, and the largest error drops
below 10 14 when only four substeps are used. By con
trast, the accuracy of CRAM with substeps increases
much more slowly.

Fig. 3. Relative errors for depleting fresh fuel after single steps of various lengths.
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Fig. 4. Relative errors for depleting fresh fuel for 100 days with different numbers of substeps.

Another approach to improve the accuracy of
depletion calculations is to use a higher-order
PRAM method. Here R8;32 and R16;48 are selected as
representatives of the 32th- and 48th-order PRAM
methods, and their results are shown in Figs. 5 and
6, respectively. It can be seen that higher-order
PRAM methods are even more accurate than the

CRAM methods with the same order. And for the
depletion cases where an extreme accuracy is
required, the 32nd-order PRAM is enough. In the
rest of the numerical cases, the results of higherorder PRAMs are not presented, and the focus on
improving the accuracy of PRAM will be only on
the substep strategy.
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Fig. 5. Relative errors of 32nd-order PRAM and 32ndorder CRAM for depleting fresh fuel after a single 100day step.

III.B. Depletion of Used Fuel
The used fuel that is obtained by depleting fresh fuel
for 100 days is chosen as the initial composition in this
subsection.

Fig. 6. Relative errors of 48th-order PRAM and 48thorder CRAM for depleting fresh fuel after a single 100day step.

Figure 7 shows the relative errors for depleting
the used fuel after a single depletion step of lengths
varied from 1 to 1000 days. It can be seen that the
accuracy of PRAM with used fuel is considerably
better than that with fresh fuel. And similar

Fig. 7. Relative errors for depleting used fuel after single steps of various lengths.
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conclusions to the CRAM method were obtained by
Isotalo.30
Figure 8 shows the results with two and four
substeps when the used fuel is depleted for
1000 days. The relative errors decrease dramatically
again by using the substep strategy, and again, only
two or four substeps can make the solutions extremely
accurate.

III.C. Decay of Used Fuel
It has been observed by Pusa28,31 that the accuracy of
CRAM is degraded for decay calculations because the
absence of neutron-induced reactions causes many of the
nuclide concentrations to diminish rapidly. This is actu
ally a common challenge to rational approximation meth
ods when applied to decay calculations.
Figure 9 shows the results when the used fuel is
decayed for 1 year with different numbers of substeps.
It can be seen that the accuracy of PRAM for decay
calculations is much worse than that for depletion
calculations, and PRAM is less accurate compared
with CRAM. Although more numbers of substeps are
required for high accuracy in contrast to depletion
problems, using the substep strategy can still drama
tically reduce the relative errors.

Fig. 8. Relative errors for depleting used fuel for
1000 days with two and four substeps.

Fig. 9. Relative errors for decay for 1 year with different numbers of substeps.
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Fig. 10. Relative errors for decay for 105 years with different numbers of substeps.

Fig. 11. Relative errors for decay for 107 years with different numbers of substeps.

Similar results can be obtained when the decay time
steps are extended up to 105 (Fig. 10) and 107 years
(Fig. 11), respectively. Besides, by comparison with Fig.
9, it shows that the accuracy is much improved for long
decay time steps.
NUCLEAR SCIENCE AND ENGINEERING · VOLUME 194 · DECEMBER 2020

III.D. Depletion with Polynomial External Feed
Rates
Figure 12 shows the results when the fresh fuel is
depleted for 100 days with different degrees of polynomial
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Fig. 12. Relative errors for depleting fresh fuel for 100 days when polynomial external feed rates with different degrees are
introduced.

feed rates of UO2. The 0th-degree polynomial feed rates of
235
U, 238 U, and 16 O are 3:037 � 10 8 , 9:6963 � 10 7 , and
2:0 � 10 6 n/barn/cm/s, respectively. And other degree
polynomial feed rates are computed by Eq. (30).
It can be seen that the degrees of the polynomials
have little effect on the accuracy of PRAM, and even
when the degree is up to 15, the solutions of PRAM still
remain highly accurate. On the contrary, the accuracy of
CRAM dramatically decreases with the increase of the
degree of the polynomial feed rate, and when the degree
comes up to 15, the accuracy of CRAM is completely
lost. This is in accord with the conclusion of the accu
racy analysis in Sec. II.B.3. Thus, for the depletion
problems with polynomial external feed terms, the
PRAM method is significantly superior over the
CRAM method.

Moreover, the substep strategy is still very
efficient to improve the accuracy of PRAM when
polynomial external feed terms are introduced.
Figure 13 displays the results with different numbers
of substeps when the 15th-degree polynomial external
feed term is introduced. Four substeps are sufficient to
get extremely accurate solutions.

IV. CONCLUSION
In the present work, the PRAM method is proposed
to solve the general burnup equations. Without directly
approximating the matrix exponential, the PRAM method
is derived by using the Padé rational function to
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Fig. 13. Relative errors for depleting fresh fuel for 100 days with different numbers of substeps when 15th polynomial external
feed rate is introduced.

approximate the scalar exponential function in the for
mula of the inverse Laplace transform of burnup
equations.
The accuracy analysis reveals that the approxima
tion accuracy of PRAM depends on the accuracy of the
Padé approximant RN;M approximating the scalar func
tion ez at the points of all the eigenvalues of At and all
the singularities of b
f ðz=tÞ. Thus, by estimating the
scalar error function jez RN;M ðzÞj on the negative
real axis, R4;16 is selected as the representative of the
16th-order PRAM. Furthermore, we illustrate that when
the time-dependent polynomial external feed term is
introduced, the high accuracy of PRAM RN;M can be
maintained until the degree of the polynomial comes
up to N þ M.
Then, two forms of PRAM, the PFD form and the
IPF form, are presented. The two forms have similar
computational costs, but the IPF form is expected to
have better numerical stability and to be less sensitive
to round-off errors.
Numerical validations demonstrate that the PRAM
method is very promising for burnup calculations,
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and important
follows:

conclusions

are

summarized

as

1. PRAM is very accurate for depletion problems,
but is less accurate for pure decay problems.
2. PRAM is significantly superior to CRAM in
handling the burnup systems with time-dependent poly
nomial external feed rates.
3. The substep strategy of PRAM is very efficient for
depletion problems either with or without external feed rates,
while for pure decay problems, more substeps are required.

APPENDIX
MATLAB CODES FOR OBTAINING
PRAM COEFFICIENTS
Two MATLAB codes are presented. Listing 1 is for
obtaining the coefficients of the PFD form of PRAM, and
listing 2 is for obtaining the coefficients of the IPF form
of PRAM. MATLAB’s Symbolic Math Toolbox is used
to get exact values of the PRAM coefficients.

1158

XIA et al. · SOLVING BURNUP EQUATIONS BY NUMERICAL INVERSION
LISTING 1
MATLAB Code for Obtaining the Coefficients of
PFD-PRAM for any Padé Rational Function RN,M
1
2

function [coeffs_z, coeffs_K] = calc_pfdpram_coeffs(N, M)
% N and M are the parameters of Pad{\’ e} rational function $R_{N,M}$

3
4

syms ii jj;

5

PN = symsum(factorial(M + N - jj) * nchoosek(N, jj) * ii^jj, jj, 0, N);

6

QM = symsum((−1)^jj * factorial(M + N - jj) * nchoosek(M, jj) * ii^jj, jj,… 0, M);

7
8

PQ = PN/QM; % construct Pad{\’ e} rational function

9

[Poles, orders, Residues] = poles(PQ,ii); % calculate the poles and… residues of the Pad{\’ e} rational function

10
11

% only half of the coefficients are required

12

coeffs_z = sym(zeros(M/2,1));

13

coeffs_K = sym(zeros(M/2,1));

14
15

cnt = 1;

16

for kk = 1:M

17

if imag(Poles(kk)) > 0

18

coeffs_z(cnt) = Poles(kk);

19

coeffs_K(cnt) = Residues(kk);

20

cnt = cnt + 1;

21
22
23

end
end
end

LISTING 2
MATLAB Code for Obtaining the Coefficients of
IPF-PRAM for Any Padé Rational Function RN,M
1
2

function [coeffs_z, coeffs_K, coeffs_K0] = calc_ipfpram_coeffs(N, M, scaling_factor)
% N and M are the parameters of Pad{\’ e} rational function $R_{N,M}$

3
4

% ” scaling_ factor ” is used for scaling the coefficients $K_0$ and $K_i$…
for i > N/2. This is because that for large M and small N, the…
(Continued)
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LISTING 2 (Continued)

original $K_0 = M!/N! $ will be too large, and meanwhile, original…
$K_i$ for i > N/2 will be too small.
5

% scaling_ factor = 100 is recommended for$R_{4,16} $ and $R_{8,32} $

6

% scaling_ factor = 1000 is recommended for$R_{16,48} $

7
8

syms zk;

9

PN = symsum(factorial(M + N - k) * nchoosek(N, k) * z^k, k, 0, N);

10

QM = symsum((−1)^k * factorial(M + N - k) * nchoosek(M, k) * z^k, k, 0, M);

11
12

coeffs_K0 = sym(factorial(M)/factorial(N))/…
sym(scaling_factor)^((M-N)/2); % scaling down coeffs_K0

13
14

root_PN = vpasolve(PN);

15

root_QM = vpasolve(QM);

16
17

% only half of the coefficients are required

18

coeffs_z = sym(zeros(M/2,1));

19

coeffs_K = sym(zeros(M/2,1));

20
21

cnt = 1;

22

for k= 1:N

23

if imag(root_QM(k)) > 0

24

coeffs_K(cnt) = (root_QM(k) - root_PN(k)) * (root_QM(k) -…
conj(root_PN(k)))./(imag(root_QM(k)) * sym(”1i”));

25

cnt = cnt + 1;

26

end

27

end

28

for k= N + 1: M

29

if imag(root_QM(k)) > 0

30

coeffs_K(cnt) = sym(”1”)./(imag(root_QM(k)) *… sym(”1i”)) *
sym(scaling_factor); % sc al in gup $K_i$ fo ri > N/2

31

cnt = cnt + 1;

32
33

end
end
(Continued)
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LISTING 2 (Continued)

34
35

cnt = 1;

36

for kk = 1:M

37

if imag(root_QM(kk)) > 0

38

coeffs_z(cnt) = root_QM(kk);

39

cnt = cnt + 1;

40
41
42

end
end
end
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